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Abstract. We introduce 'braidability' as a new symmetry for (infinite) se- 
quences of noncommutative random variables related to representations of the 
braid group Boo- It provides an extension of exchangeability which is tied to 
the symmetric group Soo- Our key result is that braidability implies spread- 
ability and thus conditional i ndepen dence, according to the noncommutative 
extended de Finetti theorem [KosOSII . This endows the braid groups B„ with 
a new intrinsic (quantum) probabilistic interpretation. We underline this in- 
terpretation by a braided extension of the Hewitt-Savage Zero-One Law. 

Furt hermore we use the concept of product representations of endomor- 
phisms lGoh04l with respect to certain Galois type towers of fixed point alge- 
bras to show that braidability produces triangular towers of commuting squares 
and noncommutative Bernoulli shifts. As a specific case we study the left regu- 
lar representation of Boo and the irreducible subfactor with infinite Jones index 
in the non-hyperfinite //i-factor L(Boo) related to it. Our investigations reveal 

a new presentation of the braid group Boo, the 'square root of free generator 
1 /2 

presentation' Foo ■ These new generators give rise to braidability while the 
squares of them yield a free family. Hence our results provide anothe r facet o f 
the strong connection between subfactors and free probability theory [GJSo31; 
and we speculate about braidability as an extension of (amalgamated) freeness 
on the combinatorial level. 
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Introduction and main results 

The braid groups B„ were introduced by Artin in Art25l | where it is shown that, 
for n > 2, B„ is presented by n — 1 generators cti, . . . , a„_i satisfying the relations 

(T^ajai = crja,,(7j if | z - j | = 1; (Bl) 

aiaj — (Tjai if \ i — j \ > 1. (B2) 

One has the inclusions B2 C B3 C • • • C Boo, where Boo denotes the inductive limit. 
For notational convenience, ctq will denote the unit element in Boo and Bi is the 
subgroup ((To)- The Artin generator cii and its inverse will be presented as 
geometric braids according to Figure [T] 



1 i 



X 



1 i 



Figure 1. Artin generators (Ji (left) and ^ (I'ight) 

Due to their rich algebraic and topological properties, braid groups are a key 
structure in mathematics and their better understanding is crucial fo r many ap- 
plications, for example entanglement in quantum information theory KLOTj. Of 
special interest for us will be that the braid group B„ is an exte nsion of the sy m- 
metric group S„ and contains the free group F„_i as a subgroup Bir75l [b"B05| | . 

Aside from their algebraic and topological properties, S„ and F„ have also intrin- 
sic probabilistic interpretations which are connected to independence structures. 
This was revealed for the symmetric groups S„ already in the 1930s by the cel- 
ebrated work of de Finetti on exchangeability [FinSl]. Here the groups S„ are 
represented by automorphisms of the underlying probability space and we will gen- 
eralize this idea to braid groups in this paper. In the case of the free groups F„ a 
breakthrough result had to wait until the 1980s when Voiculescu discovered freeness 
during his investigations of free group von Neumann algebras [Voi85] and soon after 
established its intimate connection to random matrix theory [Voi91]. Even more 
directly, the F„'s serve as noncommutative models for the underlying probability 
spaces themselves. 

On the other hand, it is known that braid g roups carry a probabilistic in- 
terpretation th rough quantum symmetries EK98| . in particular quantum groups 
'FSSOS'I. Their statistical and entropy properties are examined in [DN97I . 
|dN98, VNBOO, NV05, MMQ^ and a physical interpretation in terms of quantum 
coin tosses is given in [KM98]. Moreover, a probabilistic facet of braid groups is ap- 

i )arent in subfactor theory, for example from Markov traces or commuting squares 
JonSl [PoD83bl IGH J89l . |Pop9d I Jon9il IPop93L [jS97t . 

In this paper we take a new way towards a probabilistic interpretation of braid 
groups and look at braided struc tures from the perspective of distributional sym- 
metries and invariance principles AldSSl . lKal05l | . The guiding idea is that, as repre- 
sentations of §00 are connected to exchangeability of infinite random sequences, the 
representations of Boo should be connected to a new symmetry called 'braidability' 
such that a noncommutative notion of conditional independence appears. Two im- 
portant pillars for the realization of this idea a re the n oncommutative extended de 
Finetti theorem obtained by one of the authors Kos08l and product representations 
of endomorphisms studied by the other author 



Goh04| 
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Our main result is that 'braidability' of infinite random sequences implies condi- 
tional independence and provides an interesting symmetry between exchangeability 
and spreadability; of course these notions are meant in a noncommutative sense. At 
first sight this might be surprising for a probabilist, since Ryll-Nardzewski showed 
that ex changeability and spreadability are equivalent for infinite random sequences 



RN57l | . But we will see that this equivalence fails in the noncommutative realm. 

Hence we need to consider noncommutative random variables and stochastic 
processes and, because topological and analytical arguments are vital together with 
algebraic ones, we use a framework of von Neumann algebras. In particular this 
allows a rich theory of conditioning and independence. To get more directly to the 
heart of the matter without many preliminaries, we have collected in Appendix \X\ 
what we need about an operator algebraic noncommutative probability theory; and 
the reader may find it necessary to consult this appendix from time to time. Note 
however that for a first reading it is fine to concentrate on tracial states and to 
avoid the Tomita-Takesaki theory; in fact most of our examples in this paper are 
tracial. 

As an additional help for the reader and to streamline the fiow of arguments 
around our main results some important information is demoted to the level of 
remarks. These remarks serve a number of purposes, from bringing together the 
different areas touched upon in this paper to providing background information for 
readers interested in future developments or open problems. 

In the following we comment on the most significant issues and describe briefly 
the contents of the paper. 

Throughout this paper a probability space {A, ip) consists of a von Neumann 
algebra A with separable predual and a faithful normal state ip on A. A random 
variable l from {Aq, (po) to {A, (p) is an injective *-homomorphism l: Aq A such 
that ipo = ip o i and i(ylo) embeds as a (^-conditioned von Neumann subalgebra of 
A (see Definition I A. ip . A random sequence is an infinite sequence of (identically 
distributed) random variables t = (in)neNo from (Aq, (po) to {A, (p). We may assume 
Aq = lq(Ao) C a and ipo — ^pIao whenever it is convenient. If we restrict or enlarge 
(where possible) the domain of the random variables l to another von Neumann 
algebra Cq (with iy9-conditioned embedding), then to simplify notation we will just 
write J^Co instead of . 

Our notion of (noncommutative) conditional inde penden ce actually emerges from 



the noncommutative extended de Finetti theorem K6s08|. Consider the random 
sequence which generates the von Neumann subalgebras C/ with / C Nq and 
the tail algebra C*'''': 

i£l riGNo k>n 

We say that J^Co is (full/order) C*''^^^ -independent if the family (C/)7cNo is (full/order) 
C^'^'^-independent (in the sense of Definition I A.6p . Note that we do not require C*'''' 
to be contained in C/ since this would be far too restrictive in the context of con- 
ditioning and distributional symmetries. 

We next introduce several distributional symmetries on an intuitive level (see 
Section [1] for equivalent definitions which are less intuitive but more efficient in 
proofs). Given the two random sequences and with random variables (t„)„>o 
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resp. (r„)„>o from (^o, fo) to {A, f), we write 

/ N distr _ _ ^ 

[Lq, ti, t2, ■ ■ ■) — [Lo,Li,L2,. . .) 

if all their multilinear functionals coincide: 

V'('-i(i)(ai)ti(2)(a2) • • • '-i(„)(a„)) = ¥'(^i(i)(ai)^i(2)(a2) • • • ?i(„)(a„)) 

for all n-tuples i : {1, 2, . . . ,n} ^ Nq, (ai, . . . , a„) e and n e N. Now a random 
sequence ^ is said to be exchangeable if its multilinear functionals are invariant 
under permutations: 

(to, tl, ^2, • ■ •) = (''Tr(0)i '•7r(l)j '-7r(2)j • ■ •) 

for any finite permutation tt G §oo of Nq. We say that the random sequence .y is 
spreadable if every subsequence has the same multilinear functionals: 

(/,Q, ^1, ^2, . . .) — [irLQ 7 ^nn ^712: •■ 

for any subsequence (no, ni, n2, . . .) of (0, 1,2,.. .). Finally, ^ is stationary if the 
multilinear functionals are shift-invariant: 

(to, tl, i2, • ■ •) — (tfc, ifc+l, '■fc+2, • ■ •) 

for aU fc e N. 

The key definition of 'braidability' is motivated from the characterization of 
exchangeability in Theorem 11.91 

Definition 0.1. A random sequence consisting of random variables (tn)neNo 
from {AQ,ipo) to {A, If) is said to be hraidahle if there exists a representation of 
the braid group, p: Bqo Aut(yt, such that the properties (PR) and (L) are 
satisfied: 

'-n = p{i^nCn-i ' ' ' CTi)to for all n > l] (PR) 

to = p{(y7i)LQ if n > 2. (L) 

Here the Ci's are the Artin generators and Aut(^, (^9) denotes the (/^-preserving 
automorphisms of A. 

Throughout this paper we will make use of fixed point algebras of the braid 
group representation p. We denote by ^''('^") the fixed point algebra of jo(a-„) in A, 
and by the fixed point algebra of p{M^). 

Given {A,ip) and a braid group representation p: Boo ^ KvLt{A,ip) then a Lp- 
conditioned von Neumann subalgebra Co of A with the localization property 

Co C y^g := fl y^"'"") 

n>2 

induces canonically a braidable random sequence J^Cq by = id |co ^-rid (|PR|) . The 
maximal choice is Co = Aq. 

Our main result is a refinement of the noncommutative extended de Finetti 
theorem by inserting braidability into the scheme of distributional symmetries. 

Theorem 0.2. Consider the following assertions for the random sequence J^Co- 

(a) J^Cq is exchangeable; 

(b) J^Co is braidable; 

(c) J^Co is spreadable; 

(d) J^Co is stationary and full C^^'^^ -independent; 
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(do) J^Co is stationary and order C^^^^ -independent. 
Then we have the implications: (a) ^ (b) ^ ('^) ^ (d) ^ (do)- 

Here (a) ^ (c) {d) ^ {do) is the extended de Finetti theorem KosOSj which 



we review in Section [T] as Theorem II .71 We are left to prove (a) (b) ^ (c). The 
first implication is obtained below as a consequence of Theorem II. 9[ the second is 
shown in Theorem 12.21 

A fine point of Theorem l0.2l is that braidability is intermediate to distributional 
symmetries which are of purely probabilistic nature. Our main result also makes it 
clear that spreadability is not tied to the symmetric group in the noncommutative 
realm since it can be obtained from the much wider context of braid groups. In 
fact we do not exclude the possibility of an even wider context where spreadability 
can be produced. 

An auxiliary result in the braid group context is that we can identify the tail 
algebra as the fixed point algebra of the representation. This presents a braided 
extension of the Hewitt-Savage Zero-One Law. See Theorem 12.51 In the last part 
of Section [2] we define fixed point algebras for certain subgroups in a Galois type 
manner and apply the noncommutative de Finetti theorem to obtain commuting 
squares. This sets the stage for the next step. 

Our stochastic processes are stationary and this allows, as an additional tool, 
to introduce the time shift endomorphism. This is done in Section [31 Within the 
tower of the fixed point algebras this endomorphism can be written as an infinite 
product of automorphisms. It has been investigated by one of us (see iGohol) 
how such product representations can be used to study operator theoretic and 
probabilistic structures, and the present setting is a particularly neat example for 
that. In Appendix |A] we develop some refinements of this theory which put the 
setting of this paper into a wider context. In particular, from Theorem IA.12I it 
becomes clear why we think of the tower of fixed point algebras as a 'Galois type' 
structure and that it is unavoidable to choose exactly this tower to express the 
probabilistic structures associated to braids. In fact, if we have commuting squares 
for the braids as in Section [21 then the associated tower is necessarily the tower of 
fixed point algebras. See Theorem lA. 121 and Corollary lA. 131 

The results of Section [2] can be extended to obtain triangular towers of commut- 
ing squares from which we deduce that the time shift is a noncommutative Bernoulli 
shift (see Definition IA.7p . 

Theorem 0.3. The limit 

a := lim p{aicr2 ■ ■ ■ cr„-icr„) 

n — >-oo 

exists on 

-4So := U n ^"^"'^ 

ngN k>n 

in the pointwise strong operator topology and defines an endomorphism of A'^ such 
that a" o iQ = i„. Then a restricted to VneNn "^"(^o V A'''^^°°^) is a full Bernoulli 
shift over ^''(*°°) with generator Bq Co V ^''('^°°). Further we have 

^tail ^p,tail 



Here A" is the fixed point algebra of a and S***'' resp. A^'^^^^^ are the tail algebras 
for Bo, aiBo), a' (So) . . . resp. ^g, a(^g), a\A'o) . . . 
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This is proved after Theorem 13.91 By modifying the product representations we 
also obtain examples of stationary random sequences which are order independent 
but not spreadable. 

In Section [4] we give a new presentation for the braid groups B„ in terms of the 
generators {7i | 1 < i < n — 1} subject to the relations 

ini~i{li~2 ■ ■ -Jkhi = 7i-i(7i-2 • ■■Ikhai-i for O < fc < Z < n. 

We shall see that the first three 7i's are depicted as the geometric braids shown 
in Figure [21 This new presen tation may be regarded to be interme diate bet ween 
the Artin presentation Art25 | and the Birman-Ko-Lee presentation BKL98| . We 
name it the 'square root of free generator' presentation, since the squares {jf \ 1 < 
i < n — 1} generate the free group F„_i. This is followed by the discussion of 
various shifts on Boo which are all cocycle perturbations of the shift in the Artin 
generators but which can be better understood by considering the new generators. 
We apply this to characterize relative conjugacy classes in Boo- 



X 





Figure 2. Braid diagrams of 71, 72 and 73 (left to right) 

These results are a preparation for Section [5] in which we study in detail the left 
regular representation of Boo and some of the corresponding stochastic processes. 
The group von Neumann algebra is a non-hyperfinite //i -factor and we can also 
control the fixed point algebras occurring in our theory. Using the Artin generators 
we get a random sequence which is conditionally independent but not spreadable. 
On the other hand the square roots of free generators turn out to be spreadable and 
we speculate about a braided extension of free probability theory which is suggested 
by this picture. 

Section [S] discusses a few other examples of braid group representations such as 
the Gaussian representation, Hccke algebras and i?-matrices. While these examples 
are well known it is interesting to reinterpret their properties in the context of 
braidability and our general theory. Of course the reader may take her favorite 
braid group representation and investigate what our theory is able to tell about 
it. For example it was tempting at this point to go straight into the braid group 
representations in Jones' subfactor theory. But we only give a short hint in this 
direction because we felt that this is a topic on its own which is better postponed 
to a consecutive paper. 

Acknowledgment. The authors are grateful to the anonymous referee for several 
comments and suggestions helping us to improve the clearness of our presentation. 

1. Distributional symmetries 

A no ncommutative version of de Finetti's theorem was obtained by one of us 
K6s08l | . We report here some of the obtained results, as far as they are needed for 
the present paper. 
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Distributional symmetries of random objects lead to deep structural result s in 
probability theory and the reader is referred to Kallenberg's monograph fKalO,'j | for 
a recent account on this classical subject. Here we are interested to study some of 
these basic symmetries in the context of noncommutative random objects; and we 
will constrain ourselves to infinite sequences of noncommutative random variables 
(in the sense introduced above). 

We start with the introduction of some equivalence relations to prepare the 
definition of stationarity, spreadability and exchangeability in the broad sense of 
distributional symmetries. 

Notation 1.1. The group §00 is the inductive limit of the symmetric groups S„, 
n > 2, where §„ is generated on Nq by the transpositions tt^ : (i — 1, i) — > — 1) 
with 1 < i < n. We write ttq for the identity of §00 ■ By [n] we denote the ordered 
set {1,2,..., n}. 

The symmetric group Soo is presented by the transpositions (7ri)igN, subject to 
the relations 

TTi-Kj-Ki = TTjTTiTTj if | 1 - j | = 1; (Bl) 

TTjTTj = TTjTTi if \ 1 - j \ > l] (B2) 

Til = TTo for all i G N. (S) 

Definition 1.2. Let i,j: [n] No be two n-tuples. 

(i) i and j are translation equivalent, in symbols: i j, if there exists fc G Nq 



such that 



?'''oj or 6''=o i=j. 



Here denotes 9 the right translation m + 1 on Nq. 

(ii) i and j are order equivalent, in symbols: i j, if there exists a permutation 
TT € such that 

i = 7roj and 7r|j (•[„]•) is order preserving. 

(iii) i and j are symmetric equivalent, in symbols: i j, if there exists a 
permutation tt € §00 such that 

i = TT o j. 

We have the imphcations (i ^0 j) =^ (i j) (i ^-n j)- 

Remark 1.3. Order equivalence was introduced in the context of noncomm utativ e 
probability in KS07 |. Our present formulation is equivalent to that given in |KS07I |. 

For the notation of mixed higher moments of random variables, it is convenient 
to use Speicher's notation of multilinear maps. 

Notation 1.4. Let t = (ii)igNo ■ (-^Oj "^o) (-^^ "0) be given. We put, fori: [n] ^ 
No, a = (ai, . . . , a„) e Mq and n G N, 

t[i;a] := ti(i)(ai)/,i(2)(a2) • • • ti(„)(a„), (1.1) 
V'Jiia] := ^(6[i;a]). (1.2) 

Next we define the distributional symmetries in terms of the mixed moments of 
a sequence of random variables. 
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Definition 1.5. A sequence of random variables l = (ii)iGNo : (A^cV'o) {M.i''P)j 
also called (noncommutative) random sequence, is 

(i) exchangeable if, for any n G N, i/jji; • ] = '(/'Jj; • ] whenever i j; 

(ii) spreadable if, for any n € N, 7/;Ji; • ] = • ] whenever i j; 

(iii) stationary if, for any n g N, 7/;Ji; • ] = t/iJj; • ] whenever i j. 

It is obvious from Definition 11.21 that we have the imphcations (i) (ii) (iii) . 

R emark 1.6. 'Spreadable' is also called 'contractable' in the literature, for example 
in 'KalOS*! , and is also in close contact with 'subsymmetric' in Banach space theory 
[jPX07]. Here the first notion is more suitable, since 'contractable' in the context of 
distributional symmetries should not be confused with the notion of a contraction 
in the context of operator theory. 

Roughly speaking, de Finetti's celebrated theorem states that exchangeable in- 
finite commutative random sequences are mixed i.i.d. Inspired by Kal05|, a non- 
commutative dual version of this result has been obtained by one of the authors. 



Theorem 1.7 ( K6s08|). Let be a random sequence with (identically distributed) 
random variables 

i = (iOisNo : (A, Va) {A, ip) 

and tail algebra 

^t-i fl V ^'^(-^o)- 

n>0 /c>n 

Consider the following conditions: 

(a) is exchangeable; 

(b) is spreadable; 

(c) is stationary and full -independent; 
(Co) is stationary and order A^^^^ -independent. 

Then we have the implications (a) ^ (b) ^ (c) ^ (^o)- 

See Definitions IA.4l and lA.6l for our concept of independence. If the von Neumann 
algebras considered are commutative, then one finds a dual version of the extended 
de Finetti theorem stated in KalOSl Theorem 1.1]. Note that the implication (a) 

(b) is obvious from Definition II. 5[ so is (c) ^ (Co) from Definition IA.6I The 
implication (b) (c) is established by means from noncommutative ergodic theory. 
For the proof and a more-in-depth discussion of this result the reader is referred to 
KosOSj . 



The following characterization of exchangeability motivates our notion of braid- 
ability as introduced in Definition 10.11 In fact, we have exactly the definition of 
braidability if in Theorem I LOf b) the symmetric group Soo is replaced by the braid 
group Boo- 

Definition 1.8. A random sequence ^ is said to be minimal if ^ = Vn>o '-n(-^o)- 
Theorem 1.9. The following are equivalent for a minimal random sequence : 

(a) is exchangeable; 

(b) There exists a representation of the symmetric group, p: E>oo — > Aut(yl, (/?), 
such that the properties (PR) and (L) are satisfied: 

i^n = /o(7r„7r„_i • • • 7ri)io for aU n>l; (PR) 

to = p(7r„)io if n > 2. (L) 
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Proof, '(a) ^ (b)': The minimality of the random sequence ensures that the mono- 
mials t[i;a] with n-tuples i: [n] ^ No and a G (-4o)", n gN, are a weak* total set 
(see Notation II ■4p . By exchangeability for every tt G Sqo 

(p,[i;a\ = .^Jtto i;a], 

hence 

p(7r) : a] t-^ l[k o i; a] 
is well defined and extends to an element of Aut(y^, (p). Then p: §00 ^ Aut(y^, (p) 
is a representation and properties (PR) and (L) are easily verified. 

'(b) (a)': Because Soo is generated by the ttj it is enough to prove from (b) 
that for all j e N, a e (y^o)" 

(pji;a] = (p,[tTj o i;a]. 

As shown in Lemma l2.1l fin the more general situation of braidability) p{iTj)ik = ik 
\i k ^ {j — 1, j}. Further p{Trj)Lj-i = ij (by (PR)) and p{'Kj)Lj — p{'Kj)~^Lj = tj-i 
(by (S): vrj = ttq). Summarizing, for all fc G No 

p{'n-j)Lk = ^^^{k)- 
Using this together with /^(vrj) G Aut(^, ip) we obtain 

(pji;a] = (p{^^{ai) ■ ■ ■ tj„(a„)) = (p{p{7rj)L,^{ai) ■ ■ ■ p{-Kj)Li^{an)) = (/sJtTj o i;a], 
which is what we wanted to prove. □ 

We give the proof of the first implication stated in our main result. 

Proof of Theorem \0.2\ (a)=>(h). We need to show that exchangeability implies braid- 
ability. Comparing the formulations of Theorem ll.9r bl and Definition 10.11 this is 
accomplished by the canonical epimorphism ^ : Bqc §00 satisfying ai = tt^ for all 
i G N. □ 

Finally, we will need the following noncommutative generalization of the Kol- 
mogorov Zero-One Law. 

Theorem 1.10 ( iKosOS j). Suppose the random sequence ,^ is order J\f -independent 
withM <Z y^'^". Then we have M — In particular, an order C-independent 

random sequence has a trivial tail algebra. 

We will make use of this result within the proof of a 'braided' noncommutative 
version of the Hewitt-Savage Zero-One Law (see Theorem 12 .41) . 

2. Random variables generated by the braid group Boo 

This section is devoted to the construction of spreadable random sequences from 
braid group representations and the study of some of their properties. Our results 
give an application for the noncommutative version of the de Finetti's theorem, 
Theorem 11.71 Moreover this section provides the proof of Theorem 10.21 

Throughout this section, let p: Moo ^ Aut{A,ip) be a given representation on 
the probability space {A,ip). For the construction of random sequences we are 
interested in the subgroups 

Bn,oo := (o-fc I n < fc < 00) 
of Boo and the corresponding fixed point algebras 

:^ {x e A \ p{(t){x) = X for aU a G B„,oo}- 
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These algebras provide us with a tower of von Neumann algebras: 
^p(Boo) ^ ^p(Bi,oo) ^ ^p(B2,oo) c • • • C c • • • C Y 

For short, we write :— ^''(*n+2.=o) for n G N so that the above tower can be 
written as 

^p(B^) = ^ c y^g c yl? c • • • c A^,_2 c-'-cAP,. 

These fixed point algebras give us a framework for the following construction of 
spreadable random sequences. We need some preparation. 

Lemma 2.1. Consider the braidable random sequence and let m, n G Nq. // 
n ^ {m, m + 1}, then we have 

Proof. For n — Q this is trivial because p((To) is the identity. We observe that 
_4P ^ _4p(B2,oo) ^ _4P(<T„) foj. n>2. Because = p{am ■ ■ ■ <7icro)|^p, it is sufficient 
to show that 



(o-mCTrn-i ' ' ' o'io-o)cr„ if n > m + f 
(CTrnfTm-i • • • (Tiaa)an+i if 7^ n < m 



m^m— 1 ' ■ ' ^1^0 ) 

This is obvious for n > m + 1 by (|B2p . The remaining case ^ n < m follows from 
(IbTI) and (lB2l): 



mf^m— 1 ' ' ' f^l'-^o) — f^m'^m — 1 ' ' ' ^7i+2^n^n+l^n^n~l ' ' ' ^1^0 

= Cr„i(TTO_i • • • crri+20'„+iCr„CTn + icr„_i • • • (TiCTo 
= (CmCm-l • • • CriO'o)cr„+i. 

□ 

As discussed after Definition 10. II it is useful to introduce some flexibility here by 
considering (yS-conditioned subalgebras Cq C ^q. 

Theorem 2.2. A braidable random sequence J'c^ is spreadable. 

Proof. Clearly it is enough to give the proof for the maximal case Cq — Aq. Using 
the multi-linear maps 

^Ji;.]: Kr->C 

(see Notation ll.4p . we need to show that, for any n € N, we have (/sji; • ] = (pi[y, ■ ] 
whenever i j- Note that i '--^o j if and only if there exists a finite sequence of 
order-equivalent n-tuples (ife)fc=i,...,A' : N No satisfying the following conditions: 

(i) ii = i and 'ik = j; 

(ii) for each k ^ {1, . . . , K ~ 1}, there exists a nonempty subset A C [n] such 
that h\[n]\A = iA;+i|[,i]\A, and such that ifc(A) = {1} and ik+i{A) = {I'} 
with \l -l'\<l for some I, I' G Nq. 

Thus it is sufficient to prove that yjjifc;-] = ip^[ik+i', ■]■ Let ik and i^+i be two 
n-tuples meeting the above conditions for some set A and nonnegative integers I 
and I'. The case I = I' is trivial. It is sufhcient to consider the case I' — I + 1 
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(otherwise reverse the order). We note I + 1 ^ '^k{[n]) for later purposes. Since 
if = If o p{(ji+i), we obtain that, for some n-tuple a = (ai, . . . , a„) G (^q)", 

Vji/c;a] = (^(ii,(i)(ai)---ti^(„)(a„)) 

= (^(p(cr;+i)ii,(i)(ai) • • •p(CT/+i)tij„)(a„)) 

We consider each factor p(cr/+i)ti^(j)(aj) separately, for fixed j £ [n]. Since I + 1 ^ 
ifc([n]), one of the following two cases occurs: 

Case/ + 1 ^ {ifc(j),ife(j) + l}: we conclude j ^ ^ and p((T/+i)ti^(j) = ti^(j) = iife+i^) 
with Lemma |2. II 

Case / + 1 = ife(j) + 1: we infer j G A and p((T/+i)ti^(j) = p((T;+i)i/ = = 
''ifeO)+i ~ ''ifc+iO) from the definition of the random variable li and the relation 
between ik and i^+i. 
Altogether, we conclude that 

p(CT/+i)ti,(i)(ai) • • •p(cr/+i)ti^(„)(a„) ii^^,(i){ai) ■ • • ti,^^(„)(a„) 

and thus (^t[ife;a] = <y9jifc-|_i;a]. Now a finite induction on A; e {1,...,K} shows 
that (^Ji;a] = (^Jii;a] = • • • = </3ji7<;a] = (^Jj;a]. □ 

Remark 2.3. The proof actually shows that for order equivalent tuples i j 
there always exists a braid r g Boo such that p(T)(t[i; a]) = a] for all a e (.4q)". 
Note however that while it is always possible to construct a representation of §oo 
from an exchangeable sequence it is not clear at the present state which additional 
probabilistic conditions would allow us to construct braid group representations 
and braidability from spreadable sequences. 

We are now in the position to apply the noncommutative extended de Finetti 
theorem 11.71 

Theorem 2.4. A braidable random sequence J^Co ^■s stationary and full C*^''- 
independent. 

Proof. The random sequence J^Co is spreadable by Theorem 12.21 Thus its station- 
arity and full C*^''-independence follows directly from the implication (b) (c) of 
Theorem [llTl □ 



Another immediate implication of Theorcm l2.2l and the noncommutative version 
of de Finetti's theorem. Theorem II. 7i is a noncommutative generalized version 
of the famous Hewitt-Savage Zero-One Law. More precisely, in the context of 
exchangeable commutative infinite random sequences and representations of the 
symmetric group Sex. , the tail algebr a of the random sequence is identified as the 
fixed point algebra of Soo (see KalOSf , for example) . Now the Hewitt-Savage Zero- 
One Law states that these two algebras are trivial if the random sequence is (order) 
C-independent. With Theorem 12.21 at our disposal, the tail algebra 



C*-'' n V ^fc(Co)' 



n>0 k>n 

is identified in the much broader context of braid group representations and we 
obtain a 'braided' extension of the Hewitt-Savage Zero-One Law. 

Theorem 2.5. A braidable random sequence J'c^ satisfies 
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Suppose ^''("°°) c Co (c Aq). Then we have an equality 

In particular, these two algebras are trivial if the random sequence J^Co order 
C-independent. 

Note that the assumption ^''(■^o) c Co is superfluous for the maximal choice 
Co = -^0 • 

Proof. To prove C^^^ C it suffices to show that C*^^ C Ap'-'^''^ for any / e N. 

But C***'' C Vfcx ifc(Co), hence the assertion foUows from p{ai)ik — ik for all k > I, 
by Lemma [53] 

Now assume c Cq. We verify c C**"''. Indeed, because c 

Co C ^''(■2,=o) ^ we have yl^t"-) = c ife(Co) for all fc. This implies 

Finally, we conclude C ~ C*^'' = from the C-independence of t by apply- 

ing Theorem [Hoi □ 

Remark 2.6. The assumptions do not require the global /3(B2)-invariance of the 
von Neumann algebra to(Co) V ti(Co) = Co V p{ai)(Co)- This invariance property is 
automatic if the representation p is a representation of the symmetric group Soc , 
or in other words, if we have p{(Tn) = id for all n € N: 

p(ai)(CoVp(ai)(Co)) = p(ai)(Co) V pK)(Co) = p(fTi)(Co) V Cq. 

Our next result states that from braid group representations we can produce 
commuting squares (see Appendix]^ in the tower of fixed point algebras. 

Theorem 2.7. Assume that the probability space {A, f) is equipped with the repre- 
sentation p: Boo AMt{A,ip) and let A^^^i := Ap^^"+^-°°\ the fixed point algebra 
o/p(B„+i,oo) (withnCzNo). Then 

,A ^ "^1 ^ ' ' ' ^ 

is a tower of von Neumann algebras such that, for all n G No, p{(Tn+i) restricts to 
an automorphism of A'^_i_i and 

U U 
r AP 

is a commuting square. 

Proof. The global invariance of .4^_,_]^ under the action of p{an+i) is concluded from 
A'^-^j^i = ylP(*'«+3.°°) and relation (|B2p . The existence of the conditional expectations 
needed to define a commuting square follows along the lines sketched in Appendix 

m 

We claim for n ~Q the order ^'J^j^ -independence of Aq and p{ai)A'^. Indeed, the 
corresponding random sequence ^_^p enjoys io{A'^) — Aq and iiiA^) = p{ai)AQ. 
Thus we deduce from Theorem l2.4l combined with Theorem l2.5l that Aq and p{ai)AQ 
are ^^^.j^ -independent. This establishes our claim. 
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To treat the general case we consider, for n > fixed, the 'n-shifted' represen- 
tation pn of Boo , defined by the multipHcative extension of 

Thus we have — A'^i — J^n-i- Now we obtain the ^fj_j^-independence 

of A'^ and p(cr„+i)(^^) along the same lines of arguments as before, based on 
the 'n-shifted' random sequence i'"^ = ('.fe"'')fe>o : (^ni'/'U^) — ^ (-4,1/?) with i^"-* = 

Pn(CTfeCrfe-i • • -CTiO-o)- □ 

Remark 2.8. The proof of the above theorem uses that, given the braid group 
representation p, one can easily produce 'n-shifted' representations p„ := p o sh", 
where the shift sh: Boo Boo s ends th e generator ai to (Xi+i. Note that this 
endomorphism sh is injective (see DehOd . Lemma 3.3]). The prospect of passing to 



a shifted representation is of interest when the fixed point algebra ^^P^^.oo) turns out 
to be trivial or too small for the required task, and a fixed point algebra ^pC^n+s,^) 
with n g N, fulfills the requirements. This idea is used in Section [5l Theorem 15.91 



Remark 2.9. The spreadable random sequence t from Theorem 12.21 is induced by 
positive braids of the form (T„cr„_i ■ ■ ■ ui for n G N. Using the group automorphism 
inv: Boo — ^ Boo which sends the generator ai to a^^ for all i G N and given the 
representation p, we obtain the representation p'"^ := p o inv. Thus the random 
variables 

4- = P{^n^^n-l ■ ■ ■ ^l^^^^K. , n € No, 

^0 

define another spreadable random sequence, since ^p'"" (1^2,00) _ ^p(B2,oo) a,nd con- 
sequently Theorem 12.21 applies. The random sequences i and t"^^ have the same 
tail algebra. This is easily concluded from Theorem [231 and ^''""'(»~) = ^p(b°c.)^ 
More generally, we have ^^''^C"-,"") = _4P(Br>,oc) foj- ^\\ ji ^ Thus the commuting 
squares constructed in Theorem 12.71 from starting with the representation p'"^ are 
just those coming from the representation p, but now with p(cr^^) in the upper left 
corner, instead of p{an)- 

3. Endomorphisms generated by the braid group Boo 

Suppose {A, If) is equipped with the representation p: Boo Aut(,4, </?). Then 
the fixed point algebras A'^^_2 ■— ^p(""'°=), with n > 1 and B„^oo = Wn,'^n+i, ■ ■ ■), 
provide a tower 

/iP(Boo) — AP r A'' r AP r ■ ■ ■ r AP r A 
where A^ denotes the weak closure of A^^^ :— IJ^, A'j^. 

Definition 3.1. The representation p: Boo ^ {-^t'^) has the generating property 
if 

~ -^00 ■ 

If a representation of Boo has the generating property then A is also generated 
by the fixed point algebras A'''-'^'^\ This generating property is not always fulfilled 
from the outset (see Proposition 13. 3p , but we may always restrict a representation 
to a generating one. 
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Proposition 3.2. The representation p : Boo Aut(,4, restricts to the gen- 
erating representation p^°^ : Moo Aut(y^g^, (ysg^) such that p{cri){A^) C and 
Ej(P^E_^p(ai) — Ejs^p{ai)Ejs^p^ (for all i G NJ. 

Proof. We study the action of p{ai) on A^^ and A^^o- Since A^, = nfe>„ Ap'^'^''+'^\ it 
liolds p{(Ji){AP) C for i e {1, . . . ,n}U{n + 2,n + 3, . . .}. If i = n + tlien A^, C 
implies p{an+i)A^ C p(CT„+i)y^^j^;^ C From tliis we conclude that 

p{ai)A^ C -4^+1 and therefore p{ai){Af^) C for all i eN. A similar argument 
ensures the inclusion p(o'j~^)(-^oo) <^ ^oo foi' » G N. Consequently, is globally 
invariant under the action of p(Boo) and the representation p : Boo Ant{A,ip) 
restricts to the representation p™'': Boo Aut (y^g^ , (^g^ ) which, by construction, 
has the generating property. 

That E_^p^ and E_^p(t,i) commute is concluded by routine arguments from 

and thus E plcr j) — p{ai)Ej^p^, and by an application of the mean ergodic theo- 
rem (as in KosOSl Theorem 8.3], for example): 

n=0 

Here the limit is taken in the pointwise strong operator topology. □ 

The following proposition gives a method to construct new braid group repre- 
sentations from a given (simpler) one. In this way we can find many interesting 
examples with and without the generating property. 

Proposition 3.3. Given the representation p: Boo ^ Aut{A,ip) suppose 7 G 
AvLt{A,ip) is an automorphism commuting with all p{ai)'s. Then the multiplica- 
tive extension of 

7P(cti) ifi>0 
^id ifi = 

defines another representation o/Bqc in Aut(A,(p) such that: 

(i) the restriction pl^^ of p^ to the fixed point algebra A'^ has the generat- 
ing property if p has the generating property, and p'^^ coincides with the 
restriction of p to AC* ; 

(ii) the representation p^ does not have the generating property if all p{cri) 's 
are N -periodic hut 7^ 7^ id for some iV G N. 

Proof. An elementary calculation shows that p-^ satisfies the braid relations 
p~^{ai)p^{aj)p^{(Ji) = p^{(Tj)p^{(Ti)p^{aj) for \i - j\ = 1; 

Pi{<^i)Pi{<^j) = P7(^j)P7(^0 for N - j\ > 1- 

Clearly, tp o p-y{(j) = tp. So pj is a representation from Boo into Aut(y^, tp). 

(i) Since 7 commutes with all p((Ti)'s and p^(cri)'s, both representations p and 

Pj restrict to A"^ . An elementary calculation shows that these two restrictions 

coincide; and we denote them both by p^^^. We show next that A^'' — A^. n A"*. 
For this purpose let Ek and E-y be the (^-preserving conditional expectations from 
A onto A'^ — ^''(■'=+2,00) resp. A'^ . Since all p(cri)'s and 7 commute, we conclude 
that "fEk — Ekj for all k. But this entails E^E^ — EjEk by an application 
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of the mean ergodic theorem (similar as done for Proposition 3.2). Consequently, 

A^'' — A'j^nA'^ ■ Finally, the generating property of p implies that limfc_»oo Ek — id 
(in the pointwise SOT-sense). Thus limfc^^oo E^Ek — E^. So p^Jj'^ has the generating 
property. 

(ii) We infer from the iV-periodicity of the p{ai)'s that p^{ai)^ — 7^. Consequently, 

and, passing to the intersections of the fixed point algebras A'''^^'^^\ 

Altogether this gives the inclusions AcZ C A'' C A. So p~^ does not have the 
generating property if 7 is not A'^-periodic. □ 

Let us consider some concrete examples. 

Example 3.4. Period = 1 means that p is trivial, i.e. p{<Ji) = id for all i. Now 
any non-trivial 7 G Aut{A,ip) gives a representation pj without the generating 
property. The simplest example is a (classical) probability space with two points, 
each with probability ^, on which 7 acts by interchanging the two points. Here we 
find A^cZ^C^C^ = A. 

Example 3.5. The case of period A = 2 covers the representations of Sqo in 
Aut{A,ip) and to obtain a non-generating representation one just needs to find a 
non-idempotent 7 g Aut(^, if) which commutes with all p(cri)'s. 

Interesting examples come from infinite tensor products {^pj M2 with product 
states. The canonical tensor product flips on neighboring factors provide us with a 
state-preserving representation p of §00, and thus of Boo with period N — 2. Now 
implement the automorphism 7 as a Xerox action, in other words: as the inflnite 
tensor product 7 = (^pj7o, where 70 is a state-preserving automorphism of M2. 
It is easy to check that 7 commutes with all p(CTi)'s. Since 7^ ^ id if and only if 
7o id, we have plenty of choices for 70 such that does not have the generating 
property. On the other hand p itself clearly has the generating property and by 
Proposition 13. 3r i) this is inherited by the restriction p'i^^ to the fixed point algebra 
of 7. 

Example 3.6. In a non-tracial situation we always have a non-trivial modular 
automorphism group commuting with p (see Appendix [X| which gives further pos- 
sibilities to apply Proposition 13.31 

From now on we will assume without loss of generality that the representation 
p has the generating property: 

~ -^00 • 

This allows us to define the following endomorphism. Due to the fixed point prop- 
erties of the tower with respect to the p((jfe)'s and the weak denseness of A^;^^^, it 
is easily verified that 

a := SOT- lim p{aia2 ■ ■ ■ cr„) (PR-0) 

n — >oo 

exists pointwise in A and defines an adapted endomorphism a oi A with a product 
representation. This is discussed in detail in Appendix El see Definition IA.3I In 
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particular (for k,n £ No) 

p{ak){APJ = A?, {k<n) (PR-1) 
p((Tfc)Up = id Up {k>n + 2) (PR-2) 

Next we address how the endomorphism a relates to the spreadable (and thus 
stationary) random sequence l = (in)neNo from Theorem 12.21 For this purpose we 
need an elementary result on the Artin generators of the braid group. 

Lemma 3.7. If ai, . . . , am o,re Artin generators of the braid group B,„+i then 

CriO-2 • • • CTm-lCrmCrm^i • • • CT2Cri = (T,„(Tm_,i • • • (T20-lCr2 • • • O-m-lCm. 

In words: Pyramids up and down are the same. 

Proof. For m = 2 this is (jBip . The general case follows by induction. □ 
Proposition 3.8. The endomorphism a for {A,ip), given by 

a = lim„^oo /o(o-icr2 • ■ -o-n), 
and the random sequence i = {in)neNo ■ (Aq, (p^) (A, if), given by 

i-n = P(0'n0-n-l ' ' ' CTlCo)!^?, 

are related by 

«"Us = (3-1) 
for all n G Nq. (Above we have put (^q — 

Proof. This is trivial for n = 0, since to — p(o'o) and ctq is the identity in Bqc . Using 
induction and Lemma (23 we get for x ^ A^ = ^^'('^2.°°) 

a^^^ix) — aa^ {x) — a Ln{x) 

= /7(fTi(T2 • • • (T„+i)p((T„a-„_i • • ■cro)(a;) 
= P(o-n+lO-„ • • • (T20-10-2 ' ' ' o-„cr„+i ) (a;) 
= p{an+i<Jn- ■ ■ cri<jQ){x) 
= i„+i(a;). 

□ 



We can interpret Proposition l3 . 81 by saying that a implements the time evolution 
of the stationary process associated to the random sequence l. Note that, even with 
the generating property of the representation, the minimal part 

V a"(X) = V ^"(-^S) 
may be strictly contained in A. 

Theorem 3.9. Assume that the probability space {A, (p) is equipped with the gener- 
ating representation p: Boo — > Aut(^, tp) and let A^-i ■= A''^^'^+^-^\ with n g No. 
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Then one obtains a triangular tower of inclusions such that each cell forms a com- 
muting square: 



U 





c 




c 




c • • 


• c 


A 


u 




u 




u 
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«K) 


c 
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a{Af^) 


c • • 


• c 


a{A) 


u 




u 




U 






U 




c 
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a^{Al) 


c • • 


• c 


a^{A) 






U 




U 






U 



Proof of Theorem \3.S\ All inclusions stated in the triangular tower follow from the 
adaptedness property a{A'^_i) C Af^ (for all n) of the endomorphism a, which is an 
immediate consequence of (PR-1) and (PR-2) (see also Appendix [X)) . We are left 
to prove that all its cells are commuting squares. We know already from Theorem 
12.71 that, for any n > 1, 

u u 

K-2 c p(a„)(^^i) 

is a commuting square. Introducing the automorphism 7„ :— p{ai ■ ■ ■ ct„), 

u u 

7«-i(-4^_2) C 7„_ip(cr„)(y^^_i) 

is obviously a commuting square. Let us consider counterclockwise the corners of 
this diagram, starting with the lower left corner. One readily verifies: 

(jPEQl & iEEl ^ 7n-i(-4^2) = «(-4f,_2); 
(IFTO & (IPR;21) ^ 7n-ip(a„) (^^_i) = a(^^_i); 

(|PR^ ^ In-M"^) = In p{an)-\AP,) - 7n(-4fJ = A^^^ 

dEEII 7n-l(^:-l)=^:-l- 

Summarizing this corner discussion, we have shown that, for any n > 1, 

AP r AP 

u u 

a(^^2) C a(^^i) 

is a commuting square. Inductively acting with a on the corners of such a com- 
muting square, we conclude further for any G N: 

u u 

is a commuting square. But this is the general form of a cell in the triangular tower 
of inclusions. Cells involving the column on the right are also commuting squares 
by the generating property of the representation. □ 

Proof of Theorem \0.3[ Here we consider a (^-conditioned subalgebra Cq of Aq. If 
A'Li = AP^^°°'' is contained in Cq then, with the results of Theorem 1 2 . 71 or we 
can apply Theorem lA. 101 to obtain a Bernoulli shift over A'Li with generator Cq. If 
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A'^i is not contained in Co then we have to use So = Co V A'l^i as generator. Now 
in A" = B*""^ ^ AP^^''^ = the first two equalities follow from Theorem ElO] 

while the last equality is Theorem 12.51 □ 



Remark 3.10. Given a braid group representation Theorem l3.9l shows that we find 
commuting squares in the tower of fixed point algebras and, with Theorem lA.lOl 
and Theorem 10. 3[ a corresponding Bernoulli shift. In Theorem lA. 121 we show that 
we can reconstruct the tower of fixed point algebras if we are given the commuting 
squares. This is what we mean when we think of this tower as a 'Galois type' tower. 

Next we produce a more general family of examples for adapted endomorphisms 
with product representations. 

Corollary 3.11. Under the assumptions of Theorem \3.9l let a sequence e — 
{£k)km G {Ij^l}^ be given. Then 

ae{x) := SOT- lim p{al^ af,^ ■ • (PR-0') 

n— *oo 

defines an endomorphism for (A^ ip) such that, for all k^n>0, 

pK-mj ^ AP^ (fc<n); (PR-r) 
p(4^)Up=idUp (fc>n + 2). (PR-2') 

Moreover, one obtains a family of triangular towers of commuting squares, indexed 
by the sequence e: 

^4 *^0 ^ ^ ^ ^ ' ' ' ^ 

u u u u u 

ae{A''_i) C a^{A^) C a^{A^) C a^{Ai^) C ••• C a^iA) 

u u u u 



Proof. We can argue in the same way as for Theorem 13.91 In particular, to prove 
that each cell forms a commuting square, we take advantage of the following obser- 
vation: 

u u 

is a commuting square if and only if 

AP r AP 

u u 

is a commuting square. □ 

Corollarv 13.111 provides a rich source of stationary order -independent 
random sequences (by Theorem lA.lOp which come from braid group representations 
and in general are no longer spreadable. Thus one obtains an interesting class of 
random sequences for which the implication (co) (b) in the noncommutative de 
Finetti theorem. Theorem 1 1.7|, fails to be true. 
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Remark 3.12. Equation (13. 1|) can be expressed in terms of fundamental braids. 
This suggests that Garside structures may be relevant for possible generalizations 
of braidability. We close this section with some information on this connection for 
the interested reader. 

For a solut ion of the word and conjugacy problem for braid groups Garside 
introduced in [Gar69| the fundamental braid 

A„ := (cri(T2 • • •CT„_i)(cri(T2 ' ' •cr«-2) ' ' ' icria2){ai) 

in B„. Since generates the center Z(B„) of B„, the fundamental braid A„ is 
also called the 'square root' of the center. In a rec ent new approach to the word and 
conjugacy problem, Birman et. al. introduced in BKL98l | the fundamental braid 



which satisfies S" — Af^ and thus can be thought of to be the 'nth root' of the 
center. Since 

the relationship between the random sequence l and the endomorphism a, 
reads in terms of the fundamental braids A„ and (5„ as 
Furthermore, we have 

p{Al)r^6n)U^^ = p{6n)U., (3.2) 

which defines also a spreadable random sequence according to Remark l2.9l Indeed, 
it follows from the definition of A„ and Lemma \TJ\ that 

P(^n)Ug = P(A,0p('5n)Ug = p(cricr2 • ■ ■cr„_i)p(5„)Up. 

Next we multiply with p'"^((5,i) — p{mv{Sn)) from the left. We note that 

inv((5„) = fT,7^icr,;l2 • ■ • o-r^ 

and use that A^ generates the center of B„ . This gives p.2p . 

We also conclude from the above discussion that the random sequences t and 
t'"^ = (i™^)neNo (from Remark are connected according to 

p(A2^i)C^ = t„ foraUneN. 

Finally, we point out to the reader that the Artin presentation and the Birman-Ko- 
Lee presentation a re presently th e only known presentations of B„ which possess a 



Garside structure [BirOSl iDehOSt 



4. Another braid group presentation, 

fc-SHIFTS AND BRAID HANDLES 

We begin by providing a presentation for braid groups in terms of generators 7^ 
which will play a distinguished role within our investigations of spreadability for 
random sequences coming from braid group representations. This presentation may 
be regarded as being 'interme diate' be tween the Artin presentation Art25| and the 



Birman-Ko-Lee presentation jBKL98| . 
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Theorem 4.1 (Square root of free generators presentation). The braid group B„ 
(for n > 3) is presented by the generators {ji |1<*5:'^^1} subject to the defining 
relations 

7/7i-i(7/-27/-3---7fc+i7fc)7! = 7!-i(7/-27/-3 • • • 7fc+i7fc)7/7i-i (EB) 
for < k < I < n. 

It will become apparent in the proof that the two sets of generators {7^} and 
{cTi} are related by the formulas: 

7fc = (c^i---'7fc-i)c^/c(c^fe-i---crr^); (4-1) 
CTfe = (7r'---7fcl\)7fc(7fc-i---7i)- (4.2) 





Figure 3. Braid diagrams of 73 
CTicr20'3 0'2^^crf ^ (right) 



CT1CT2CT3CT2 ^"'i ^ (left) and 7I 



The geometrical picture will be furthe r discussed later. We note that 



generate the free group F„_i (cf. [Bir75 . Section 1.4] and Jon91 . Lecture 5]). This 
connection to the free group motivated us to call this presentation as titled in 
Theorem l4.1l Similarly, we will say that the 7,;'s are square roots of free generators. 



Proof. We start with the relations (jBip and (|B2p for the Artin generators Ui and 
suppose that the 7_,'s are defined according to (|4.ip . Then a straightforward com- 
putation yields 

7i7i-i7i-27i-3 • ■ -7^+17^ = (^1(^2 ■ ■ ■^i-i^i'^fc-i^fc-2 ■ ■■^2^'^i^- 
We multiply the equation above with 7; from the right and see that the left hand 
side of (jEBp equals 

(a^a^ ■ • •CTz-icr;)(o-fcCrfc+iCTfc+2 • • •o'i-20'(-if^i)(^i-\^i-2 ' ' •'^f^)- (4-3) 
Similarly, we obtain for the right hand side of (|EB|1 the expression 

(o-iCT2 • • •cr;_i)(crfeCrfc+iCTfc+2 • ' ' cr;_20-;-lO'()(c^;-Vi-3 ' ' '^f^)- (4-4) 

Thus the formulas ()4.3|1 and ()4.4p are equal if and only if 

'^Mk<^k+l'^k+2 ■ ■ ■ '^l-2(^l-l(^l)'^7-l = {'^k^k+l^k+2 ■ ■■ (^1-2^^1-1(^1) ■ 

Indeed, an application of (jBip and (jB2p to the left hand side of this equation shows 

0'z(c^fcCrfe+lO-fc+2 • ■ ■ <^l-2<^l-l<^Ml-l = {(^k(^k+l(^k+2 ■ ■ ■(^l-2(^l(^l-l(^Ml-l 

= ('^fc^fc+l^fc+2 • ■ ■(^l-2(^l-l(^l(^l-l)'^l-l- 

Thus the relations (|Bip and (jB2[l for the Ui's imply the relations (|EB|1 for the ^[s. 
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Figure 4. Braid relation 727172 = 717271 



X 



Figure 5. Braid relation 73727173 = 72717372 



Conversely, suppose the group G is generated by 71,72, • • -711-1 subject to the 
relations (|EB[) . We denote by 70 the identity of G and show that, as an intermediate 
step, the 'new' generators 



< i < n. 



satisfy the relations (jBip and (|B2[) . We begin with proving ai(jj — ajo-i for > 1 
and assume without loss of generality i + 1 < j. For this purpose, multiply (jEB[) 
by 'yf_i from the left side and by from the right side to obtain 

(7;l\7ai-i)(7i-27i-3 • ■ ■7fc+i7fc) = (7i-27i-3 ■ • • 7fc+i7fc)(7i7i-i7r^)- 
The relations (|EBp include the braid relations 7;7;_i7; ~ 7;-i7i7i-i, which entails 

= li-iini-i = 7i7i-i7r^- (4-5) 
This establishes the following commutation relations: 

CTi(7i_27i-3 ■• -7/0+17/0) = (7i-27i-3 ■■ •7/c+i7/c)CTi forO<fc+l<L (4.6) 

It follows that cfi commutes with all 7^ with i < I — 2 and hence also with all ct^ 
with i < I — 2. This establishes the relation (|B2p for the ai's. 

We are left to prove aiUkSi = CTkcriak for |fc — ^| = 1 and assume without loss of 
generality that I = k + \. Wc have already shown that au+i and 7^-1 commute. 
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Thus, also using ()4.5p . 

afcCTfc+iCTfe = {lklilklk-i)'^k+i{lk-ilklk-i) 

= {lk-ilk)^k+i{lklk~i) = ilk-ilkhk^lk+ilkilklk-i) 



Ik-ilk+illlk-i- 



On the other hand. 



= ^k-l^k+llk^k+llk-1 

= 7feL\(7irSfc+i7fc)7fe(7irVfc+i7fc)7fc-i 

= 7fel\7Ar^(7fe+i7fe7fe+i)7fe7fe-i 

= 7fel\7Ar^(7fc7fc+i7fc)7fc7fc-i 

= 7fel\7/c+i7fe7fe-i- 



Ahogether we have shown that the relations (|EB|) for the 7i's imply the relations 
(jBip and (jB2p for the ctj's. Finally, we note that the commutation relations (|4.6p 
imply 

CTi = (7r^72"^ • • ■ 7/Z37;-2)5'/(7;-27!-3 ' ' ' 727i)- 
This establishes that the dfe's defined by (|4.2p satisfy the braid relations (jBip and 
(lB2l). □ 



Remark 4.2. The relations (|EB|1 are 'extended' versions of the Artin braid relation 

im-iii = ii-iiai-i- 

On the other hand, the generators 7; are a subs et of {cr ^.t \ ^ < s < t < n] , the 
ge nerator s of the Birman-Ko-Lee presentation (of. [BKL98| V Following the notation 
of BBOSj , these generators are of the form 

and 7; — cri,(+i is easily verified in the geometric picture. 

Remark 4.3. We are indebted to Patrick Dehornoy jPehOSl ] for the observation 
that the 'square root of free generators presenta tion' is closely related to the Sergi- 
escu presentations associated to planar graphs Ser93j . In fact, the relations (jEB[) 
for 71, ... , 7„_i are also satisfied for the n— 1 generators associated to a star-shaped 
graph with n—1 edges. But then we conclude from Theorem 14.11 together with the 
Hopfian property of B„ (see MKS7d |. Section 3.7 and 6.5) that 71, ... , 7„„i satisfy 
all relations associated to a star-shaped graph with n—1 edges. This shows that 
there is much more symmetry involved than originally stated, for example we have 

Ijlklj = Ikljlk 1 < j, fc < n - 1 

lilkljli = Ikljlilk = l]lilklj I < j < k <l <n-l 
etc. It is a nice exercise to give direct algebraic proofs of such relations from (|EBp . 

We would also like to thank Joan Birman [Bir08] who pointed out to us the 
more recent work of Han and Ko on positive braid group presentations from linearly 
spanned graphs which contains another alternative (minimal) co llection of relations 
which is equivalent to (|EB[) (see Lemma 3.3 and its proof in HK02| | for further 
details). 
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Remark 4.4. The group B„ is also presented by the set of generators {7i 1 1 < z < 
n — 1} subject to the defining relations 

7;(7fc7fc+i • • -11-2)11-111 = li-ili{lklk+i ■ ■■11-2)11-1 (EB) 

for < k < I < n. This is immediate from Proposition l4.1l if one lets li := inv(7j^^) 
or if one notes that the transformation r 1— *■ inv(T^^) reverses the ordering of the 
letters of the word r (given in terms of the af^'s). 

The Garside fundamental braid A„ (see Remark l3.12p has a simple form in terms 
of the 7/t's: 

A„ = (7„_i • • •7i)(7„_2 • • - 71) • • • (7271)71- 
Also the fundamental braid (5„ takes a simple form, but now in the terms of the 
generators if. 

6n = ln-iln-2 ' ' •727l- 



A more detailed investigation of these presentations with relations (|EB[) or ()EB|) 
may be of interest on its own for the word and conjugacy problem in braid groups. 

We continue with the introduction of several closely related shifts on M^o and 
relate them to the geometric operation of inserting 'handles' into braid diagrams. 
This geometric approach turns out to be fruitful for results on orbits generated by 
the action of a shift on braids, as they are needed i n Section O For further material 
on braid handles, the reader is referred to Deh97l | and jPehOOi . Chapter III]. 

Definition 4.5. The shift sh is given by the endomorphism on Boo defined by 

sh(cr„) = o-„+i 

for all n £ N. The m-shift shm on Boo, with fixed m e N, is given by the endomor- 
phism 

sh™(r) := amO-rn-i ■■■ox sh(r)crf ^ • • • cr^LiO-jV/- 

Lemma 4.6. The endomorphisms sh and shm on Boo are injective for all m G N. 
Moreover there exists, for every r S Boo, some n €N such that 

sKiir) = {(^m+l^'^+2^ ■ ■ (^n-l(^n^)'^ {'^n'^n-l - ■ ■ (^m+2^m+l)- (4-7) 

Proof. A geometric proof for the injectivity of sh is given in DehOOl . Chapter I, 
Lemma 3.3]. The endomorphism sh^, is the composition of an injective endomor- 
phism and automorphisms, and thus injective. We observe that, using the braid 
relations (iBll) and (lB2l). 



fj+l = (""i ^0-2 ^ • • • cr-_\cr- Vj^\)(7i(CTi+iCTiCri_i • • ■ (72(^1) = sh(cri). 
Now let r G Boo be given. Then there exists some n G N such that r G B„ and 

sh(T) = (CTf ^2^^ • • • Cr^liCr^^)T(cr„CT„_i • • • a^a^). 

This proves (14. 7p . since sh,„(T) = cr™ • • • cti sh(T)crf ^ • • • . □ 

It is advantageous at this point to use the picture of geometric braids (cf. |DehOOl . 
Section I.l]) and to introduce the notion of braid handles to visualize the action 
of the shifts sh and sh^. Here the action of sh on some initial braid r G Boo 
corresponds to inserting a new strand on the left of the initial braid diagram. Since 
shi(T) — (Ti sh(T)(Tf ^, we see that the action of shi corresponds to inserting a new 
strand between the first and second strand of the braid diagram for r and above 
the other strands. This looks like an upper handle, as illustrated in Figure [SI 
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11 



TTT 



shi 



sh(r) 



Figure 6. Braid diagram of the action r i-^ shi(T) = ci sh{T)ai ^ 



The new strand is not entangled with the strands of the initial braid t. In 
particular, ci i— s- shi(ai) = aia20'i^ (see Figure [7]) and shi((Ti) — (Ti+i for i > 2. 
Thus the action of shi coincides with the action of sh on ct^ for i > 2. 



shi 



Figure 7. Braid diagram of the action cti i-^ shi((Ti) = aia20'i 



Generalizing the above discussion and motivated by jPehOOl . Definition 3.3], we 
introduce: 

Definition 4.7. An upper m-handle is a braid of the form shm(T) with m > 1 and 

TG Boo. 



sha 



CT3 

CT2 



^1 



sh(r) 



(I 



Figure 8. Braid diagram of the action r > sh3(T) = cr3cr20'i sh(T)f7]^ ^0-2 ^ 



We discuss the geometric interpretation of the shift sh^ for m > 1. The action 
of shm on the cr^'s can easily be identified to be 

{tTi ii i < m; 

CTiCTi+icr"^ if i = m; 
(Ti+i if i > m. 

The action of sh,„ turns the initial braid r into an upper m-handle and geometrically 
corresponds to inserting an upper strand between the m-th and (TO-l-l)-th strand of 
the initial braid diagram (see Figure [5] for m = 3). Further simplification occurs if 
we replace the generators cti , CT2 , ■ • ■ by the square roots of free generators 71 , 72 , . . . 
and express the initial braid r in terms of the ^f^. 
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Lemma 4.8. 

In particular, for all n G N, 



7i ifi< m; 
7i+i ifi>rn. 



shi(7„) = 7„+i. 

We see that as soon as we work in the square root of free generators presentation 
the 1-shift is nothing but the shift in the generators while the m-shifts for m > 1 
are partial shifts. The upper m-handlc sh„i(r) can be expressed in terms of the 
generators without the appearance of 7^^. 

Now we provide results on relative conjugacy classes which will be needed in 
Section [5l 

Definition 4.9. The total width tw(r) of a braid r € Boo is defined as the function 
tw: Boc- — ^ No, where tw(r) is the minimal number n G Nq such that r G B„+i. 

In other words: if tw(T) = n, then we can express the braid t as a word in the 
symbols (T07 ""j^^, . . . , o^^-i, but not as a word in cro, uf^, . . . , a^^^. Note that 
tw(r) = if and only if r = ctq. 

Remark 4.10. The total width twfr) s hould not be confused with the width of a 
non-trivial braid t introduced in [PehOd Definition 3.16]. The latter is the number 
of strands 'really involved in r' which is less or equal tw(T). For example, crgcr^ dg 
has the width (9 — 6 + 2) = 5, but the total width 9. 

Proposition 4.11. Suppose ctq 7^ r G Boo md let k, I G Ng. Then we have: 

tw(shi(r)) = tw(r) + 1. 

It particular, the set {(shi)'^(T) | fc G No} is infinite. // tw(r) > m then these 
assertions remain valid for shm instead of shi . 

Proof. Suppose cfq =/= t Cz Boo with total width tw(T) = n. We have tw(shi(T)) < 
71 + 1. In the following we will use geometric arguments to prove that tw(shi(r)) = 
n + 1. We have already seen that the action of shi turns the initial braid t into an 
upper 1-handle (see Figure [6|). Suppose now that, using the braid relations (jBl|) 
and (|B2p . it is possible to write the upper 1-handle shi(T) as a word in af^ , . . . , ai^^ 
only. Then it is geometrically clear, because the new upper strand is not entangled, 
that we can use the same operations to write the initial braid r as a word in 
crf^, . . . , f^n-ij contrary to our assumption about tw(T). Hence tw(shi(T)) = n + 1. 
This proves the proposition for shi. The general case can be done similarly. The 
condition n — tw(T) > m is needed to ensure that the new upper strand is inserted 
between the n+1 strands used to model B„+i, so that the geometric argument still 
works. □ 

Proposition 4.12. Let Cm(T) := {wtw~^ \ w G Bm+1^00} denote the relative con- 
jugacy class o/r G Boo for some m > 1. Then we have: 

T G B„i C,„(t) = {r} <=^ Cmir) is finite. 



Proof. The implication is immediate from the braid relation (jB2p . Conversely, 
let m > 1 be fixed and suppose r G Boo with total width tw(r) > m. In other words, 
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we assume that the braid r is not contained in Mm- Now consider the shift shm 
and note that by Lemma l4. 61 always 

Shm(») = O'm+lO'm+2 ' ' ' '^n '^n+l * '^n+l^n ' ' ' 

with some n and hence {(shm)'^(T) | fc e No} C C„i{t). We conclude with Proposi- 
tion |4?Tl] that C„i{t) is infinite. □ 

Lemma 4.13. Boo is an ICC group. Moreover, the inclusion B2,oo C Boo has 
infinite group index [Boo : 82,00] • 

Proof. The first assertion is immediate from Proposition 14. f 21 for m ~ 1. For the 
second assertion note that the cosets ((7i)"B2,oo are all different from each other 
for all n g N. This follows geometrically or from Theorem I5.6f vi) below which 
implies that they are pairwise orthogonal with respect to the trace of the group 
algebra. □ 

5. An APPLICATION TO THE GROUP VON NEUMANN ALGEBRA L(Boo) 

This section is devoted to the construction of noncommutative random sequences 
from the left regular representation of the braid group Boo- This will bring us in 
contact with free probability which has been introduced by Voiculescu for the study 
of free group von Neumann algebras. 

The group von Neumann algebra L(Boo) is generated by the left-regular repre- 
sentation {Lcr I cr G Boo} of Boo on the Hilbert space ^^(Boo), where 

L,f{a') := /(a-V). 

Let 5a e ^^(Boo) be the function 

if = ct' 
otherwise. 

Then the complex linear extension of 

troo(icr) '■— {SaoT Licr^aa) 

defines the normal faithful tracial state troo on L(Boo). We denote its restriction 
to L{Bn) by tr„. 

Definition 5.1. The inclusion A/" C of two von Neumann algebras is said to be 
irreducible if the relative commutant is trivial, i.e. 

Af'nM-C. 

Theorem 5.2. The inclusion L(B2.oo) C L(Boo) is irreducible. 




Proof. In analogy with the standard arguments for ICC groups (cf. [Tak03al V.7]), 



to prove irreducibility of the inclusion L(B2,oo) C L(Boo) it is sufficient to show 
that the relative conjugacy class Ci(r) := {wtw~^ \ w G B2.00} is infinite for every 
T G Boo with r 7^ ctq- But this follows from Proposition [4321 □ 

We collect some auxiliary results on L(Boo) which are of interest on its own. 
Since we could not find proofs in the literature, we provide them here for the 
convenience of the reader. The second author is indebted to Benoit Collins and 
Thierry Giordano for stimulating discussions on Property (F) resp. Property (T) 
for braid groups. 
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Corollary 5.3. (i) i(Boo) is a, non-hyperfinite Ili-factor; 

(ii) i(Boo) has Property (T); 

(iii) L(Boo) does not have Kazhdan Property (T); 

(iv) L(B2,oo) C L(Boo) is a subfactor inclusion with infinite Jones index. 
In particular, L{Moo) md i(F„) are non-isomorphic (2 < n < oo). 

Proof, (i) The factoriality of L{Moo) is immediate from Theorem 15.21 and the defi- 
nition of irrcducibility. We are left to prove t he non-hyperfiniteness. B3 and hence 
contains F2 as a subgroup (cf. IJonQll Lect ure 5]). Since any subgroup of 



an amenable discr ete grou p is amenable ( TakOSd . XIII, Example 4.4(iii)]) and F2 



is non-amenable ( |Tak03d . XIII,Example 4.4(v)]), we conclude that the g roup m>^ 
is non-amenable. But this implies the non-hyperfiniteness of L{Moo) (see jTakOSa . 
XIII, Theorem 4.10]). 

(ii) Let [x, y] := xy — yx. We conclude from the braid relation (jB2p that 

hm r([L.,,x)]*[i.,,a;)]) =0 

for any x G alg{Lo- 1 a £ Moo}. This extends to a; e i(Boo) by a density argument. 
Thus {La-k)k is a non-trivial central sequence. 

(iii) Bco does not have Property (T). This ca n be deduced along the hints of 
|BdlHV08l Exercise 1.8.14], compare also jGdlHQll ]. But an I CC group has P roperty 



(T) if and only if its group von Neumann algebra does so jCon82l . ICJSSi ]. Thus 
I/(Boo) does not have Property (T). 

(iv) Since sh(B(x>) = B2,oo, we conclude the factoriality of L(B2.oo) from the 
injectivity of sh (see Lemma 14. 6|) . The infinity of the Jo nes inde x is clear from 
Lemma|il3]and [Boo : 82,00] = [-^-(Boo) : i(B2,oo)] (see also [TakOSd . Example 2.4]). 

Finally, L(Boo) and L(F„) are not isomo rphic sin ce L(Boo) has a non-trivial 
central sequence and thus cannot be full (see iTakOSd. T heorem 3.8]). But the free 



group factors i(F„) are full for 2 < n < 00 (see [TakOSd . Theorem 3.9]). □ 



Remark 5.4. L{Mn) is not a factor for 2 < n < 00, since Z(B„), the center of the 
group B„, is non-trivial. 

We are now going to identify the relative commutants (L(B„_oo))' H L(Mao) for 
n> 2. Note that the case n = 2 is already covered by Proposition l4. 1 II and Theorem 
K2\ 



Theorem 5.5. We have (L(B„+i,oo))' H L(Boo) = ^(B„) for all n>l. 

Proof. The inclusion £(B„) C (L(B„+i^oo))' is clear from the braid relations (jB2p . 
For the conv erse inclusion, we conclude in analogy to arguments for ICC groups 
(cf. |Tak03aL V.7]). Let x e i(Boo) with X = J^reB ^(''')-^T, where x{t) are 



scalars such that X^reBoo |2^(''')P < We have x G (L(B„+i^oo))' if and only if 
the coefficients x(t) are constant on the relative conjugacy class C„(t). Thus the 
square summability of the non-zero coefficients x{a) implies that C„(t) is finite for 
every non-zero coefficient x{t). We conclude from this that r e B„ by Proposition 
14.121 This shows that x € (L(B„+i^oo))' implies x € L(B„). □ 

We turn our attention to braid group representations on the probability space 
(Z/(Boo), troo). Here we are interested in considering the representation 

p: Boo ^ Aut(i(Boo)), 
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defined by p((t) := Ad{La) := La • i* with a E Boo- We note that troo is au- 
tomatically p((T)-invariant and thus p{a) G Aut(i (Boo), troo)- Furthermore, the 
representation p has the generating property (see Definition 13. ip : 

i(Boo) D V (ilBoo))"^""^''""^ 3 V = ^(»-)- 

n>0 n>0 

At this point we have verified all assumptions of Theorem 13.91 We next identify 
the fixed point algebras as they appear in Theorem 13.91 We have from Theorem 
inn that 

(i(Boo))''^"^' - Z(L(Boo)) 0, C, 
and from Theorem 15.51 that, for all n > 0, 

(L(Boo))'''""+''°°' - (L(B„+2,oo))'nL(Boo) -i(B„+i). 

Furthermore, a straightforward computation shows that the action of the endomor- 
phism a (from Theorem 13. 9p comes from the shift sh on Boo; more precisely: 

a(Lr) = ish(T)- 

Let us summarize the discussion above. 

Theorem 5.6. Consider the probability space (L(Boo), troo ) , equipped with the 
representation p: Boo Aut(L (Boo), troo) given hy t ^ p{t) := AdL-r- We arrive 
at the following conclusions: 

(i) p has the generating property; 

(ii) {L{M^)Y^^-^ :^C- 

(iii) (L(Boo))''^°"^''°°^ = L{Mn+i) for all n > 0; 

(iv) the map a{x) :— SOT- lim„^oo p(ci(T2 • • ■ cr„)(a;) is an endomorphism for 
(L(Boo), troo) such that a{LT) = ish(r); with r G Boo/ 

(v) Each cell of the triangular tower of inclusions is a commuting square: 



C c 


L(B2) 


c 


L(B3) 


c 


L(B4) 


C • ■ 


■ • c 


L(Boo) 


u 


U 




u 




U 






u 


C c 


c 


c 




c 


a(L(B3)) 


c • ■ 


■ • c 


a(L(Boo)) 




u 




U 




U 






U 




c 


c 


c 


c 


a2(i(B2)) 


c • ■ 


■ • c 


«'(i(Boo)) 








u 




U 






U 



(vi) The maps Un ■= ct"|L(B2) define a stationary and full <C-independent ran- 
dom sequence 

= (4"))„eNo: (i(B2),tr2) ^ (L (Boo), troo ) - 

In other words, a is a full Bernoulli shift over C with generator L{Bi2) (see 
Definition \I7f^ . 

(vii) The random sequence is not spreadable. 

Remark 5.7. For aU n e Nq, 

^■n{Lai) — ish"((Ti) = -C'o-„ + i- 

Hence the left regular representation of the Artin generators gives us a full C- 
independent sequence which is not spreadable, and thus also not braidable by 
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Theorem 10.21 The random sequence l^"^ shows that the class of stationary and 
conditionally full independent random sequences is strictly larger than the class 
of spreadable random sequences in our setting of the noncommutative de Finetti 
theorem, Theorem 11.71 



Proof. (P to ([iv|) are shown above, (jvj) is immediate from (jml and Theorem 
13.91 We are left to prove (jvl| and (|vii|) . 

The random sequence t*-"-* is stationary, since it is induced by the endomor- 
phism a. We show first that t*^"-' is order C-independent. For this purpose let 
/ = {?ii,...,mi} and J = {n2, ■ ■ ■ ,m2} be 'intervals' in No with / < J, or 
more explicitly: ni < mi < n2 < TO2- Indeed, I < J implies the order C- 
independence of \/ f,^j a''{L(M2)) and / '^'(-^(^2)) by the following arguments. 
We have a''{Lai) — L^i^k^^^.,^^ — La-^^-^, from which we conclude 

\/«''(i(B2))cL(B,„,+2) 
kei 

and 

\/a'(i(B2)) Ca"^+i(^(»oo)). 
lej 

Looking at the triangular tower, this clearly implies the order C-independence. 
Moreover, this entails the order C-independencc of the random sequence t*-"^. 

We still need to show that order C-indcpendence upgrades to full C-independence, 
valid whenever / n J = (see Definition IA.6p . We will prove this by induction. Let 

N 

Ai := y Ai, with Ai, ^ y a\L{M2)) 
k=i leik 

N 

A.J := V-^-^' with A/, = V "'(^(^2)). 

where the non-empty finite 'intervals' {Ik}k=i,....N and {t/z};=i,...,jv satisfy 
/i < Ji < /2 < J2 < ■ ■ • < /tv < ^Af. 

Since a comes from the symbolic shift sh on the Artin generators ai (see (|iv)) ). we 
know from the assumptions on the 'intervals' and the braid relation (|B2p that Ai^. 
and Aiy commute for k ^ k' . So do y^j, and A,j^, for I ^ V . We conclude from 
this by a simple induction on k and I that 

k 

Aiik) = Ai^ ■ Aii,-i) ™^ for /f*^) := y 4,, 

fc'=i 
I 

Ajm = Ajii-i) ■ A.J, for J(') = U Ji'. 

By linearity and SOT-density arguments, it is sufficient to consider elements x :— 
a;^^-* G Ai and y y^^^ G Aj of a product form which is inductively defined by 

x'^''^ := Xkx'^'''^'' with Xk G Ai^ and a;^''"^) G Aj(k^i) , 

y{i) y('-i)y; with yi G A/, and y*'"^' G Aju-d . 
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This puts US into the position to use order C-independence in the next calculation: 

tr^ix^'^^yC^^) = troo (xfexC^-i)^^^-!)^,) 

= troo (xfexC^-i^^/C^-i)) tT^ivk) 

= troo(a;fe) troo (x^'^^^^y^'^"^)) troo(2;fe) 

We iterate this factorization and then, after everything is factorized, we undo it for 
X and y separately. This gives 

AT N 

troo = J]^ troo {xk ) Y\_ ^^oo (vi ) = troo (x) troo (y) ■ 

k=l 1=1 

Finally, the factorization properties on SOT-total sets of Aj and Aj extend linearly 
to Ai and Aj by approximation. Doing so the proof of full C-independence of the 
random sequence i^"' is completed. 

We next verify that i„(Lo-i) = ish"(cri) — -^(t„+i- Indeed, this is obvious from 
(Irv)) and the definition of the shift sh. 

We are left to prove the non-spreadability of . For this purpose consider the 
two words 

-1 -1 -1 1 -1 -1 -1 

Wi :— (T]^(T2cri(72 (J^ and W2 '— (Tia^^aia^ . 

We note that these two words have order-equivalent index tuples 

(1,2,1,2,1,2) and (1,3,1,3,1,3). 
Since the braid relations (jBip and (|B2p imply 

troo(i«,J = troo(io-J = 1 and troo(i«, J = troo(i^^^-i ) = 0, 
we conclude that S""^ is not spreadable. □ 

Actually there is an abundance of non-spreadable random sequences which are 
still order C-independent. 

Corollary 5.8. Under the assumptions of Theorem \5.6\ let the sequence e = 
(£fc)fceN e {1,-1}^ be given. Then 

ae{x) := SOT- lim pia^^a^^ ■ ■ •cr,^")(a;) 

n — *cxj 

defines an endomorphism for (i(Boo), troo) such that one obtains a family of tri- 
angular towers of commuting squares, indexed by the sequence s: 

C C C C L(B2) C i(B3) C L(B4) C • • • C i(Boo) 

u u u u u 

C C C C ae{L{M2)) C a,{L(R3)) C---C ae(£(Boo)) 
U U U U 

In particular, ti"^^ :— a"|i(B2) defines a family, indexed by e, of stationary and 
order C-independent random sequences 

Ja.) ^ (L(B2),tr2) ^ (L(Boo),troo). 

In other words, is an ordered Bernoulli shift over C with generator L(B2) (see 
Definition \Jl\ ). 

Proof. Combine Theorem 15.61 and Corollarv l3.11l □ 
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Let us now replace sh by shi and the Artin generators by the square roots of 
free generators. We can do this systematically in the following way. Recall that 
the isomorphism inv : Boo ^ Boo sends the generator ai to cr~^ , for example: 
iiw{a^ala^'^a^) = a^^a^^a^al^ and \-nv{a-^a2 ■ ■ ■ cr„_icr„) = cti" ^3"^ ' ' ' <-i^n^ ■ 
Theorem 5.9. Consider the probability space (L(Boo), troo ) , equipped with the 1- 
shifted inverse representation p™ : Boo — > Aut(_L(Boo), troo) given by t Pi™('^) •= 
Ad Lsii(inv(T)) • Then we conclude: 

(i) Pi" has the generating property; 

(h) (L(Boo))""'^"~^ ^ C; 

(in) (L(Boo))'''"^^""-'''°°^ = L(B„+2) for all n > 0; 

(iv) The map 

I3{x) := SOT- lim pi"'' ((71(72 •• •CT„)(a:;) 

n^oo 

= SOT- lim p{a2^a^^ ■ ■ ■ (7^^)(x) 
is an endomorphism for (i(Boo), troo) such that /9(ir) = -^shi(T)j with 

T e Boo; 

(v) Each cell of the triangular tower of inclusions is a commuting square: 



i(B2) C L(B3) 


c 


L(B4) 


C • ' 


■ • c 


L(Boo) 


U U 




u 






u 


C c /3(L(B2)) 


c 


/3(i(B3)) 


c • 


• • c 


/3(i(Boo)) 


U 




U 






U 


c 


c 


/32(L(B2)) 


c • 


■ • c 


/3'(i(Boo)) 






U 






U 



(vi) The maps biP := /3"|l(B2) define a braidable, spreadable and full C-independent 
random sequence 

t(« = {Li^^)neNo - (L(B2),tr2) ^ (L(Boo),troo). 

In particular, (3 is a full Bernoulli shift over C with generator L(B2) (see 
Definition \I7^ . 

(vii) The random sequence is not exchangeable. 

Remark 5.10. For all n g No, 

Hence we have the very remarkable fact that the roots of free generators form a 
spreadable random sequence and behave better in this respect than the usual Artin 
generators. 

Proof. It is easy to see that the state troo on i(B) is /95"'^(T)-invariant for every 
T e Boo. Thus we have a representation p™'^ : Boo ^ Aut(L (Boo, troo)). 
^ The generating property of p™ follows from 

i(Boo) D V (ilBoo))"""'""^^'""^ = V (i(Boo))''""*""+^'=°^ 
n>0 Ji>0 

= V (L(Boo))''^""+''=°' D V ^(»«+2) = ^(»°°)- 

rt>0 n>0 
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At this point we have verified all assumptions of Theorem 13.91 Since 

^ and (fm|) are directly concluded from Theorem 15.21 and 15.51 

(pv)) The action of the endomorphism /3 on is identified by Lemma 14.61 as 

f3{Lr) = ^a-^a-^---cr-^^rLa^---a^a^ ^ Lshi{r) 

(with n sufficiently large), (jvj) is immediate from (jHI and Theorem 13.91 

(fvil) Braidability of t^''^ follows by definition (with the representation p™^) and 
spreadability is then a consequence of Theorem 12.21 Using (jiv| and shi(7i) — 7^+1 
fLemma l4.8p the image of L-y^ under ilf^ is identified to be jn+i- 




Figure 9. Four-strand braids 73717273 (left) and 71727371 (right) 

(|viip We need to show the non-exchangeability of From (|EB[) (see Proposi- 
tion |4?l|) we have 

73727173 = 72717372, 
but if we interchange the subscripts 1 and 2 then 

73717273 7^ 71727371- 

In fact, if in the geometric picture we represent the two words by four-strands braids 
(see Figure ^ and then remove the third and fourth strand to obtain braids in B2 
then the left hand side yields the identity (Tq but the right hand side yields af. It 
follows that 

tr4iLy:^Ly^Lj-^Ly^L^-lL^-lL^-lL^-l) = 1 

7^ = tr4iLj^Lj-^Lj^Ly,L^-iL^-iL^-iL^-i) 

and hence l^^^^ is not exchangeable. □ 

1/2 

Definition 5.11. Let < r < f < 00. We denote by j the subgroup of Boo 
generated by the square root of free generators {7^ \ r < s < t} and by F^, t the 
subgroup of Boo with the free generators {7^ \ r < s <t}. 
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Clearly F^, t C W^J. We have ¥^1 = B„+i and Fj, „ ~ F„, where F„ denotes the 

A;l/2 1/2 h 

group in n free generators, and hence shj(Fg'j ) — ¥j^f^ as well as shj(Fs^t) — 
¥s+k,t+k- In the rest of this section we assume that the reader is familiar with 
some notions in free prob ability as they have been introduced by Voiculescu. As a 
reminder see for example jVDN92l |. 

Corollary 5.12. The square root of free generator presentation {jili G N) 0/ Boo 
gives rise to the system of Haar unitaries {L^. \ i G N} such that 

L{V'JJ) = \/{L,Jr<s<t} 

and such that one has the following triangular tower of commuting squares: 

C c 







c 




c 




c • 


• c 


m 


pi/2 

1, 00 


U 


U 




u 




u 








u 


c 




c 


^(^2^3) 


c 




c • 


• c 


L{\ 


"^2, 00 




u 




u 




u 








u 




c 


c 


u 


c 


U 


c • 


• c 


L{1 


3, 00 

u 



The squared family {L"^. \ i G N} is a free system of Haar unitaries in the sense of 
Voiculescu whose generated triangular tower is a restriction of the above triangular 
tower: 





C L(Fi,2) 


c 


i(Fl,3) 


c 


i(Fl,4) 


c • 


• c 


i(Fl.oc 


U 


U 




u 




u 






u 


c 


C L(F2,2) 


c 


i(F2,3) 


c 


i(F2,4) 


c • 


• c 


i(F2,oc 




U 




u 




u 






u 




c 


c 


i(F3,3) 


c 




c • 


• c 


i(F3.oc 



u u u 



Moreover, each cell in this tower forms a commuting square 

C C D 

u u, 

A d B 

such that B and C are freely independent with amalgamation over A. 

Proof. It is immediate from the definition of the left regular representation that L^^ 
is a Haar unitary, i.e., troo(L". ) = for all n € Z \ {0}. From Theorem 15.91 we get 

1 /2 

the commuting squares for the L{¥J^ )'s and, by restriction, also for the L(Fs^f)'s. 
This is independence in the sense of Definition lA.4| but for the squared family more 
is true: I t is a bas ic result of free probability theory that they are (amalgamated) 
free. See jVDN9i|, Examples 2.5.8 and 3.8.3. □ 



It is easily seen that freeness with amalgamation implies conditional indepen- 
dence in the sense of Definition IA.4I The converse fails to be true since our notion 
of independence is more general. But it would be of interest to determine com- 
binatorial formulas for the mixed moments of square root random sequences such 
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that these formulas extend the combinatorics of noncrossing partitions from free 
probabihty. 

1 /2 

The close connection between the square root presentation FJ^ and the free 
group Foo invites to ask whether there exists a deeper parallel between objects 
considered in free probability theory and the appropriately chosen 'square root 
objects' in a 'braided probability theory'. We are going to illustrate this in an 
example. 

Since L^-^ and L^2 are Haar unitaries, the sclfadjoint operators L-y. + L*, and 
L^2 + L*2 have both the arcsine law on the interval [—2,2] as spectral distribution 

(see (NSdd Lecture 1]). But this can be taken one step further: 

According to Theorem 10.21 we may consider any von Neumann subalgebra Cq of 

1 /2 

L{¥-^ 2) ^-iid the restriction of the random sequence to Cq will again be a spreadable 
random sequence. Among the interesting choices is of course 

cl^' ■.= \/{l,, + l;j 

1 /2 

This gives the 'random sequence' (/3"(Co )),! C L(IBoo) which can be understood 
as a braided counterpart of a free sequence. If we put Cq ■= \/{(^7i + -^71)^} 
and observe that {L^^ + L*J^ = 2 + Lyi + L*2, so the 'squared random sequence' 
(/3"(Co))„ C L(Foo) is free. 

Conjecture 5.13. There exists a braided extension of free probability. 

Such an extension should, of course, be related to some 'braided independence' 
as a specific form of C-independence (in the sense of Definition IA.4|1 . but it must 
necessarily lie beyond independence with universality rules (in the sense of S peicher) 
which i s comp letely classified and leaves no room for such an idea, see Spe97 . 

bgso1[nso6| i. 



At the moment we have no definite formulation of such a theory but we suggest 
that there are interesting concrete problems on the way. For example, in view of 
Corollarv l5.121 it is intriguing to ask whether the combinatorics of free probability 
theory can be appropriately extended to a combinatorics of free square root presen- 
tations. A promising starting point for such investigations are random walks on free 
square roo t prese ntations, in parallel to Kesten's work on symmetric random walks 
on groups f Kes5 9t . For example Kesten determined for the symmetric random walk 
on F2 the spectral distribution of the free Laplacian 

with respect to the trace ti^. It is determined by the moment generating function 



E 



tr3(Ar,,Jz" 



2Vl - 12z2 - 1 



n=0 



which can effectively be determined with freeness (see |NS06l . Lecture 4]). 

The combinatorics involved for determining the n-th moment or the moment 
generating function of the corresponding braided Laplacian 

Abraid = 2^-^^^ "^71 ^ ^^'^ ^ ^72) 

amounts to answer the following question on 3-strand braids: Consider all words 
w of length n written in the alphabet of 4 letters ^t^,jt^- How many words w 
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among the 4"-words describe the trivial 3-strand braid? An answer to this question 
immediately gives the spectral measure of Abraid in terms of moments. 

Related explicit calculations for randomly growing braids on three strands are 
contained in ^MMOTj and involve random Garside normal forms for the Artin pre- 
sentation of B3. Unfortunately this approach does not generalize for B„ with n > 4. 
It would be of interest to investigate if the squar e root of free generator presen- 
tation, which has no Garside structure for n > 4 Bir08 . DehOSl ] but coincides for 
71 = 3 with the Artin presentation, gives an alternative approach to such problems 
(see also Section H]). 

Further background information and additional structures may come from the 
closeness of our approach to subfactor theory and the recent progress on the con- 
nection between subfactors, large random matrices and free probability theory (see 
[GJSOTj and references therein). 



6. Some concrete examples 

In the following we discuss a few concrete examples which are well known but 
which can be looked upon from a new point of view by integrating them into 
our theory of spreadable random sequences from braid group representations. It 
appears that this strategy allows to simplify some arguments. Of course there are 
many other examples. 

Choose 2 < p e N and 

if p is odd; 
if p is even. 

for all i; 
whenever i < j. 

A pair ei,ej with i < j can be realized in (and generates) the (p x p)— matrices 
and, taking the weak closure with respect to the trace tr, the sequence (ei)igNo 
generates the hyperfinitc //i-factor. This is the noncommutative probability space 
in this class of examples. 



Example 6.1 (Gaussian Representations). 

J exp{2m/p) 

\ exp{ni/p) 

Then consider unitaries (ei)igNo satisfying 

GiGj — LiJ Gj Gf^ 



If we now define {vi)i^n by Vi :— uje*_iei (for all i G N) then 



VjVi if \i - j\ > 1. 



,2 I, 

We remark that k uj is well defined for k mod p and so the following sums can 
always be interpreted as sums over the cyclic group Zp. Then a direct computation 
shows that (ui)i^iq defined by 



1 



are unitary and satisfy the braid relations (|Bip and (jB2p . He nce we obtain a unitary 
representation of Bqo, called the Gaussian representation in [jonQll . Subsection 5.8] 
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because of the Gaussian sums in related computations. As usual, let us consider 
the endomorphism 

a= lim KA(u\Ui ■ ■ ■ Un) . 



This endomorphism has already been studied in |Rup95l | as an example of a non- 
commutative Bernoulli shift. Let us summarize what we can say about it from the 
point of view of our theory. 

From the relations 

{uj'^Vjei ii j — i or j — i + 1, 
VjCi otherwise, 

it is readily checked that this is a product representation for a (satisfying (PR-1), 
(PR-2) of Definition IA.3[) with respect to the tower {A4n)?^=o with A^„ generated 
by Co, ... , e„. More precisely we have a{ei) = e^+i for all i e Nq. In fact, 

P k,k' 



ly-^„(fc^-fc-)„-2fe_,(fe-fc') 



Pk,k 



Pk ' 



— ijj "'^eoVi = ei, etc. 

Iterated application of a to A^o produces a braidable sequence which by Theorem 
I0.2l is spreadable. For the sequence eo, ei, 62, . . . this follows also more directly from 
the fact that order preserving transformations preserve the commutation relations 
for the e„. 

Proposition 6.2. The endomorphism a is a full Bernoulli shift (in the sense of 
Definition\X^ over 

M-i =M°' = A^*""" = M^^ = C 

with generator 

Mo = ln-i{4}l=o ^ 
Further we have for all n> —1 

Mn ^Mn{uk: k>n + 2}'. 



Proof. We conclude by Theorem 10.31 that a is a full Bernoulli shift over the fixed 
point algebra M^'=° with generator M.^. We can also check, by direct computa- 
tion, the commuting squares assumptions of Theorem lA. 101 with Ai^i — C. Now 
everything follows from Theorem I A . 1 01 together with Theorem I A. 121 for A^„. □ 

Note that for p = 2 we have a Clifford algebra with anticommuting e„'s and we 
can check that the sequence eg, ei, 62, ... is exchangeable. This is no longer the case 
for p > 2. For example 

tr(eie2eje2) ~ u?" ^ lj^"^ — tr(e2eie2e^). 

Further results about more g eneral product representations with respect to this 



tower can be found in [GohQl|. 
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Example 6.3 [Hecke algebras). Recall from Jon94l Example 3.1]: The Hecke 
algebra over C with parameter g S C is the unital algebra with generators go, gi, . . . 
and relations 



9m9n 
9n9n+l9n 



{q - l)gn + q 

9n9rn if | n - TO | > 2 

9n+l9n9n+l 

Then if g is a root of unity it is possible to define an involution and a trace such 
that the gn are unitary, and the tower (Aln)J5^Lo with Ain gene rated b y ijo, • ■ • , ffn is 
embedded into the hyperfinite //i-factor M with its trace. In j jon94j the commut- 
ing square assumptions required for our Theorem lA.lOl are checked for the Ad{(7„)'s 
with A^_i = C. As in the previous example we conclude that 

a := lim Ad(5i • • ■ gn) 

n — ^oo 

defines a full Bernoulli shift over C with generator A^o, that 

M" = A^*''" = = C 

by Theorem 10.31 and that 

Mn ^Mn{gk: k>n + 2y 

by The orem lA.l"2l Such a situation occurs in particular in Jones' subfactor theory 
Jon83t if the index belongs to the discrete range. 

Example 6.4 (R-matrices) . Now take the tower 



Mo Mp C Ml Mp <^ Mp C M2 Mp (g) Mp 



>Mp C 



c M 



where Mp denotes the (pxp) -matrices and the embeddings are given by X i-^- X (g 1, 
all sitting inside the hyperfinite //i-factor M with trace tr. By an i?-matrix we 
mean an element R of Mp ^ Mp satisfying the (constant quantum) Yang-Baxter 
equation (YBE) 

-Ri2^23^i2 = R23R12R23 
where we use a leg notation, i.e., th e subsc ripts describe the embedding of R into 
a triple tensor product of Afp's. See Jon91| for the role of i?- matrices in providing 
interesting braid group representations. Note that with R = PR, where P is the 
flip operator, we get another familiar form of the YBE 

R12R13.R2Z — R23R13R12 
whi ch plays an im portant role in the theory of quantum groups. For an overview 
see 



Kas95llMai95 |. 



If J? is a unitary i?-matrix then evidently (u„)5^]^ with u„ :— Rn-i,n satisfy 
the braid relations and provide us with a product representation for an adapted 
endomorphism a := lim„^oo Ad(ui • • •?/„). By Theorem 10.31 it is (or restricts to) 
a fuU BernouUi shift over M°' — M*"^^^ — M^°° with generator Mo V M^"^' which 
produces a braidable random sequence by iterated applications to A^o- 
For example we can take p = 2 and (with respect to a basis So So, 60 ^ Si, Si iSi 
So, Si Si) 

fl 
1 
1 
\0 



R ^ 
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with \uj\ = 1. YBE is easily checked directly. By computing the first commuting 
square in Theorem I A. lOl we find that A 4-i = C. This full Bernoulli shift over C with 



generator A^o is called the w-shift in The corresponding subfactors have 

been investigated in ^KSV96i | . Note that these examples include the usual tensor 
shift {uj — 1) and the CAR-shift = —1) in its Jordan- Wigner form [BR81 |. 



Example 6.5 (R-matrices, non-homogeneous case). Slightly varying the construc- 
tion in Example 16.41 provides us with very elementary examples of non-spreadable 
ordered Bernoulli shifts over C. Define 



1 




/I 





Vo 








embedded at positions n—1 and n as before, and again a lim„^oc Ad(iii • • • w„). 
If LOn depends on n then a continues to be an ordered Bernoulli shift over C (by 
Theorem IA.10|) but may fail to produce spreadable random sequences. Take for 



example uji — 1 and uj2 
Then for 



= —1, i.e., we mix the tensor shift and the CAR-shift. 



Aq 3 X 



we find: 



a{x) 

[x a{x)]^ 
[x a'^{x)]^ 



Ad(iii)(x) = 1(g) cc, 
Ad(uiU2){x) = 

[x (g) x]^ = 1, 
-f 



1 



1( 



-1 



Therefore tT{x a{x) x a{x)) ^ \y(x o? (x) x o? [x^) ^ which shows that already the 
mixed moments of 4th order are not invariant under order equivalence. 

Appendix A. Operator algebraic noncommutative probability 

Here we present in a condensed form some well known and some less well known 
constructions of noncommutative probability theory in the framework of von Neu- 
mann algebras. This provides a general contex t for the resu lts of this paper. Similar 
settings are considered in [Kiim85, Klim88, H KK04I . [aDObI . JP08, K6s08]. The last 
part about connections between product representations and Bernoulli shifts (jA.lOl 
- IA.12I) is new in this form. 

Definition A.l. A (noncommutative) probability space (A^,^/;) consists of a von 
Neumann algebra A4 with separable predual and a faithful normal state ^ on A4. A 
ip- conditioned probability space {M, t/), A^o) consists of a probability space {M, V') 
and a von Neumann subalgebra A^o of such that the ^-preserving conditional 
expectation from J\4 onto Alp exists. As an abbreviation we also say in this 
case that Mq is a ^p- conditioned subalgebra. 

Note that probability spaces always come with a standard representation on 
a se parable H ilbert space via GNS construction for ip. By Takesaki's theorem 
see [TakOab^ V the V'-preserving conditional expectation exists if and only if 
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af{Aio) — Aio for all t E R, where a'^ is the modular automorphism group associ- 
ated to {A4 , ^p) . Thus the existence of such a conditional expectation is automatic 
if i/i is a trace. 

Lemma A. 2. A tp -preserving automorphism a always commutes with the modular 
automorphism group . 

Proof. The modular automorphi sm group a"^ is uniquely characterized by the KMS- 



condition with respect to -0, see Tak03b| . Hence it is enough to show that a ^a. 



a 

also satisfies the KMS-condition with respect to V'- Using -0 o a = V' this is easily 
done. □ 

We denote the set of ?/;-preserving automorphisms a of Al by Aut(7W, -0). Com- 
bined with Takesaki's theorem we conclude that the following subalgebras are al- 
ways ^/'-conditioned: 

• fixed point algebras of a ^/'-preserving automorphism 
(or of a set of such automorphisms) 

• the image of a i/'-conditioned algebra under a i/j-preserving automorphism 

• algebras generated by i/)-conditioned algebras 

By combining these items all the subalgebras in this paper turn out to be ip- 
conditioned. 

We also encounter a special type of (non-surjective) ^'-preserving endomor- 
phisms. In the probability space consider a tower 

Mo C Ml C M2 C • • • 

of ■0-conditioned subalgebras such that M — VneNo ^"^^ ^ family of automor- 
phisms (afe)fcgN C Aut(A4,7/') satisfying (for all n G No) 

ak {Mn) ^ Mn \ik<n (PR-l) 

afe|»„=id|Ai„ iik>n + 2 (PR-2) 
Definition A.3. Given (|PR-ip and (IPR-2P then 

a — lim aia20id, ■ ■ ■ OLn, (PR-0) 

n — >oo 

(in the pointwise strong operator topology) defines a ^/'-preserving endomorphism 
of M which we call an adapted endomorphism with product representation. 

So PR stands for product representation. The existence of the limit is easily 
deduced from (|PR-ip and (|PR-2p . in fact for n e N and x e Mn-i 

a{x) = ai • • • a„(a;), 

a finite product. From the limit formula it also follows that a commutes with 
the modular automorphism group , so that the corresponding remarks above 
about automorphisms apply here as well. Another immediate consequence from 
the axioms is that for all 71 G N 

a{Mn~i) C Mn 

Recall that a (noncommutative) random var iable is a n injective *-homomorphism 
L into a probability space, i.e. l: M, see (AFL82| . We also write l: (^,-00) 
{M, Tp), where ipo = ip o l. For us ^ is a von Neumann algebra and we include the 
property that l{A) is ^-conditioned (see Definition [AT]) into our concept of random 
variables. 
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Generalizing terminology from classical probability we may say that for an 
adapted endomorphism a the random variables 

Li:=a\Mo- Ma^MiCM 
12 Q;^Ia4o : Mq ^ M2 C M 

I'n ■■= a^'lMo- Mo^MnCM 

are adapted to the filtration A^oCA^iCA^2C-- - and a is the time evolution 
of a stationary process. This explains our terminology. Product representations 
with (jPR-l|l and (|PR-2|1 give us a better grasp on adaptedness from an operator 



theoretic point of view. This idea has been introduced and examined in [Goh04l . 
Chapter 3] , where more comments on the general philosophy and additional details 
can be found. In fact, the definition in Goh04, Chapter 3] is a bit more general 
but Definition lA. 31 above seems to be more handy and, as the results in this paper 
show, it contains a lot of interesting examples. 

An important class of product representations arises in the following way: As- 
sume that there exists a sequence of unitaries (u„)„eN C Al"^, where is the 
centralizer, such that 

a= lim Ad{uiU2 • • • Un) (PR-Ou) 

n — >oo 

Un e Mn (PR-lu) 

Un+2 e M'„. (PR-2u) 

for all n. Here A4'^ denotes the commutant and the limit is taken in the pointwise 
SOT-sense. It is easy to see that this provides us with an endomorphism a which is 
adapted with product representation. 

One of the most important procedures in classical probability is conditioning, 
and the framework of ^/^-conditioned probability spaces allows us to do that in 
a natural way also in a noncommutative setting . We use a concept of conditional 
independence as introduced by Kostler in where a more detailed discussion 

is given. 

Definition A. 4. Let (A^,^/;) be a probability space with three ■0-conditioned 
von Neumann subalgebras Af, Ni and A/2. Then Mi and A/2 are said to be N- 
independent or conditionally independent if 

Ej\f{xy) = Ej^{x)Ejsr{y) 

for all x e TVi V TV and y G 7V2 V TV. 

Note that A/i and A2 are [M ~ C)-independent if and only if ■ip{xy) = ip{x)ip{y) 
for all X € A/i and y £ A2 and in this case we recover the definition of Kiimmerer 
KximSSj . 



One of the attractive features of Definition [A3] from the point of view of operator 
algebras is the connection to commuting squares. 

Lemma A. 5. Suppose TV C TVi n A/'2 C M. Then the following are equivalent: 
(i) TVl and TV2 are TV- independent. 
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(ii) The following is a commuting square: 



M2 

U 

N 



c 



c 



M 

u 



Th e notion of a commuting square has been introduced by Popa Pop83a , Pop83bL 
PP8d |. There are many equivalent formulations: 

(iii) Eu,{N2)^M 

(iv) E'a/'i E'tv^ = Ej^j- 

(v) Ej^^Em^_ = Em^Ej^^ and TV = Wi n 7V2 

etc. 

Note in particular that the equalit y N = Ni n N2 is automatic in this situation. 
For further discussion see Proposition 4.2.1. The proof of the equiva- 

lences above is given in the tracial case there but it generalizes immediately to 
i/'-conditioned probability spaces. 

Definition A. 6. A family of i/'-conditioned subalgebras (A^n)ngNoj is said to be 
(CI) full -independent or conditionally full independent^ if Vie/ ^'^'^ ^ jeJ -^i 
are A/'-independent for all /, J C No with I O J — ^. 
(CIo) order J\f -independent or conditionally order independent, if \Ji^iM.i and 
Vjg J Mj are A/'-independent for all /, J C No with I < J or I > J. (Here 
the order relation I < J means i < j for all i G / and j E J.) 

Clearly, (CI) implies (CIo); but the converse is open in the generality of our 
setting. We will deliberately drop the attributes 'full' or 'order' if we want to 
address conditional independence on an informal level or if it is clear from the 
context. All these notions of independence translate to random variables by saying 
that random variables are independent if this is true for their ranges. 

This notion of conditional independence includes classical, tensor and free inde- 
pendence, including their amalgamated variants. Moreover, it goes beyo nd non- 
commutative independences with universality rules Spe97l . IBGS02I . It ap- 
plies to all examples of generalized or noncommutative Gaussian r andom variables , 
as long as they respect the properties of a white noise functor [KiimQd lGM02t 
and generate von Neumann algebras equipped with a faithful normal state (given 
by the vacuum vector of the underly ing deformed Fock space), as they appear in 
(BS91I . lBS94l . iBKSQTl ICMOl We refer to [HKKOd iKosOSj for a more de- 
tailed treatment of conditional independence and for further examples coming from 
quantum probability. 

Now we are in a position to generalize many classical concepts related to inde- 
pendence to a noncommutative setting. 

Definition A. 7. Let Bq be a V'-conditioned subalgebra of {A4,tp) and a a. ip- 
preserving endomorphism. Further let J\f d Bq he a i/'-conditioned subalgebra 
which is pointwise fixed by a (i.e. Af C A^"). Then /3 defined as the restriction 



of a to S := V 



nSNo 



^{Bq) is called a (full/ordered) Bernoulli shift over Af with 
generator Bq if (/3"('Bo))„gpj^ is (full/order) A/'-independent. 

A trivial example is a = id with J\f = Bq = M, but in more interesting examples 
the generator is usually small, often finite dimensional. 
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Re mark A. 8. The above definition of a Bernouili shift is equivalent to that given 
in Kos08l |. This relies on the fact that a Bernoulli shift f3 automatically com- 



mutes with the modular automorphism group: As required by the definition of 
independence, the ranges /3"(So) are -i/j-conditioned and so is B. Consequently, the 
modular automorphism group af restricts from M to B. But the ranges P"{Bo) 
are T/j-conditioned if and only if (3 commutes with this restriction of af. 

Lemma A. 9. If (3 is a (full/ ordered) Bernoulli shift over M then 

Af = B^ = 6'^" 

where B^ is the fixed point algebra of (3 and B^^^^ :— ClneN^/ k>n f^'^i^^)- po,rtic- 
ular TV is uniquely determined by the endomorphism (3. 

Proof. See [KosOSI Corollary 6.9]. □ 



Noncommut ative (o rdered) Bernoulli shifts with M = C have b een introduced 
by Kiimmerer KiimSSl ] and further developed by Rupp in Rup95 | where the con- 



nection to commuting squares is recog nized and sche mes sim ilar to the following 
Theorem I A. 1 1 are considered. See also HKK04 and KosOSf . 



How can we construct noncommutative Bernoulli shifts? It turns out that prod- 
uct representations as introduced in IA.3I are a powerful tool for this task in the 
framework of conditional order independence. 

Theorem A. 10. In {A4,ip) (A^n)neNo be a tower of ip- conditioned subalgebras 
such that Ai = VneN '^^'^ ^ '^'^ adapted endomorphism with product 

representation by factors {an)n&i, as in DeRnition \A.3l Further let Ai-i be a ip- 
conditioned subalgebra of C\ M.q, where M." is the fixed point algebra of a and 
suppose that for all n € N, 

Mn-l C Mn 

u u 

Mn-2 C an{Mn-l) 

is a commuting square. Then one obtains a triangular tower of inclusions such that 
all cells form commuting squares: 

C 



A^o c Ml 


c 


M2 


c 




c • 


• c 


M 


u u 




u 




u 






u 


M-i C a(Alo) 


c 


a{Mi) 


c 


a{M2) 


c • 


• c 


a{M) 


U 




U 




U 






U 


M-i 


c 


o^iMo) 


c 


a'iMi) 


c • 


• c 


o'iM) 






U 




U 






U 



If Bq is a i}]- conditioned subalgebra such that M-i C Bq C Mq then (3 defined as 
the restriction of a to B :— VneNo '^"(^o) is an ordered Bernoulli shift over with 
generator Bq, where Af is given by 

M = M-i =M°' = Al*^'' = B^ = B^'''\ 



Proof. The proof of Theorem l3.9l is written up in a way that easily transfers to the 
present setting and yields the triangular tower of commuting squares given above. 
Now suppose I < J, say i < n < j for all i € / and j S J. By adaptedness 
Vig//3'(So) C M„ and \J (3^ {Bq) C a"+^(At). Inspection of the triangular 
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tower of commuting squares shows that these algebras are order Al_i-independent. 
This proves that f3 is an ordered Bernoulh shift over A^_i, and hence JV = Ai^i. 
The equahties N = = B^'^^^ follow from Lemma IA.9I The fixed point algebra 
A^" and the tail algebra A^'**'' cannot be strictly bigger than A^_i because it is 
readily checked from (|PR-ip . (|PR-2p and the commuting squares that a maps the 
■0-orthogonal complement of Alfe-i in M.k into the T/i-orthogonal complement of 
Mk in A^fc+i, for all fc e Nq. But this means that the isometry on the GNS Hilbert 
space induced by a is a shift operator on the orthogonal complement of A^_i and 
hence there can be no fixed point or tail of a outside Ai-i- □ 

The last assertion of Theorem lA.lOl is very useful in applications. Suppose we 
start with a Bernoulli shift [3 over A/" with generator B^. We know from Lemma 
EH that TV equals 6'^ = S*^"; but how can one effectively determine B^ or S'**'! in 
applications? As soon as we succeed to realize /3 as the restriction of a shift a in the 
way of TheoremETOl i.e. with TV C AI" and 6o C AIq, then J\f = B^^ = 6**^'' must 
be equal to the left lower corner Ai-i of the first commuting square. In general 
this commuting square is easier to access in applications than tail or fixed points of 
(3. So, besides a nice general structure, Theorem lA.lOl provides a convenient way 
to identify TV. We demonstrate this idea for some examples in Section [B] 

An additional strong point of Theorem lA. 101 is that it identifies A4_i, the first 
algebra in the given tower, as the fixed point algebra of the endomorphism a — 
lim„i_»oo cna2CK3 • • ■ dm- Dropping the first factors in this product representation, 
we can also identify the other algebras in the tower as fixed point algebras of certain 
partial shifts: 

Corollary A. 11. With assumptions as in Theorem \A.l(A for alln > —1 the algebra 
M.n is equal to the fixed point algebra of an+2,00 '■— lim„i— »oo o:n+2C(n+3Ctn+4 • • • CKn+m 
and equal to the tail algebra for the random sequence produced by a„+2.oo from 
Mn+i as range of the time 0-random variable. (Compare with Section\^) 

Proof. Apply Theorem I A . 1 01 for a„+2,oo and the tower A^„cA^„+iC---. □ 

Corollary I A . 11 1 shows that, given the commuting squares in Theorem lA. 101 the 
whole tower A4_i C TMo C ••• is determined in terms of fixed point algebras by 
the factors (a„)„gN of the product representation. The following consequence for 
braid group representations can be used to determine these fixed point algebras 
explicitly, compare with Section [6l 

Theorem A. 12. Let the setting be as in Thcorem \A.l(A In addition assume that 
for all k Cz N we have = p{c^k) for a representation p: Boo ^ Aut(A4,'0). Then 
for all n> —1 

using the notation A4lj[ = A4''^""+^'~^ introduced in Section\^ As a special case, 
if p{crk) = Aduk for all k > n + 2 then M„ is equal to the relative commutant 
Mn{uk\k> n + 2}'. 

Proof. Combine CoroUarv l A. 1 ll with Theorem l2.5l for the shifted representation. □ 

In other words, under the given assumptions the tower we started from is au- 
tomatically the tower of fixed point algebras. Note that this is a kind of converse 
to Theorem 12.71 where we proved that starting from a braid group representation 
we can always construct commuting squares for the tower of fixed point algebras 
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and establish the situation obtained in Theorem I A. 121 from another direction. This 
is why we think of this structure as a kind of Galois type tower (compare with 
Remark IXTU)) . 

Let us finally rewrite Theorem IA.12I to obtain a more explicit form of the as- 
sumptions. 

Corollary A. 13. Given a representation p: Boo — Aut(A^, ^p) and a tower {A4n)n>-i 
of ip- conditioned subalgebras such that Ai = V,i>-i-'^n- Suppose further that, for 
all n > —1, we have 

Mn c MP, 

and we have a commuting square 

Mn+l C Mn+2 

u u 

M„ C p{an+2){Mn+l) 

Then for all n > —1 

Mn = 

Proof. Note that the corresponding endomorphism a = limn^oo p{ai ■■■ an) has 
already been defined and studied in Section [3l The assumption Ain C Ai^, for 
all n > -1 gives M-i C for n ^ -1 and (|PR-2p for n e Nq. Now (|PR-2p 
together with the fact that aj — p{crj) and ~ pi^k) commute for \j — fc| > 2 
imply (jPR-l[) . Hence we have verified all assumptions of Theorem IA.121 □ 
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